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BASHCHOCTb PHCCA CO CKOBKAMH CHCTEMBI ^HPAKA 

C CYMMHPyEMBIM n0TEHIJ,HAJ10M 

A. M. CaBHyK, H. B. Ca^OBHHHaH 


Ahhotaij,H5I. B pa 6 oTe HsyHaeTCH onepaTop ^Hpaxa Cp^u^ nopo}K;i,eHHbiH b npocTpan- 
CTBC H = (L2[0,7r])^ ^(JxJiepeHpHajibHbiM BbipajKenHeM 
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BjieMeHTbi MaTpHpbi P npe^nojiaraiOTCH cyMMHpyeMbiMH na [0, tt] KOMnjieKCHoanaHHbiMH 
cjjyHKpHaMH. Mbi noKajKeM, hto onepaTop Cp^u HMeei flHCKpeTHbiii cneKTp, coctohiii;hh 
H3 co6cTBeHHbix SHaHeHHH {A„}n,gz, npHHBM A„ = A° + o(l) npH \n\ —>■ oo, r^e {A° }„gz 
— cneKTp onepaTopa Cq^u c nyjieBbiM noxenpHajiCM h tcmh jkc KpaeBbiMH ycjiOBHHMn. 
Ecjih KpaeBbie ycjiOBHH cnjibno peryjiapHbi, to cneKxp onepaxopa Cp^u aBjiHexca acHMn- 
TOTHnecKH npocTbiM. Mbi noKaaceM, nxo b stom cjiynae CHCTeMa coGcTBeHHbix h npn- 
coeflnneHHbix (JiynKpHn onepaTopa Cp^u oGpasyex Gasnc Pncca b npocxpancTBe H (npn 
ycjiOBHH HopMHpoBKH coGcTBeHHbix (|)yHKLi,HH). B cjiyHac peryaapHbix, ho ne chjibho pe- 
ryaapHbix KpaeBbix ycjiOBnn Bce coGcxBennbie snanenHa onepaxopa Cq^jj ^ByKpaxnbi, a 
coGcxBeHHbie snanenHa onepaxopa Cp^jj acHMnxoxHnecKH flByKpaxnbi. B oxom cjiynae mbi 
noKasKCM, nxo cncxeMa, cocxaBjiennaa h 3 cooxBexcxByromnx ;i,ByMepHbix KopneBbix no;;- 
npocxpancTB onepaxopa Cp^jj, o6pa3yex 6a3HC Pncca h 3 noflnpocxpaHCXB (6a3HC Pncca 
CO CKo6KaMH) B npocxpancTBe H. 
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CneKxpajiBHaa xeopHH KpaeBBix o6iri;ero BH^a oOBiKHOBenHBix flHcJicJiepeHpH- 

ajiBHBix onepaxopoB 6epex cBoe Hanajic c paGox P. BnpKrocJia |2^ 123] h 51. /I,. TaMaprana 
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lMi sni SI]. B 3THX paGoxax 6t,ijiH BBe^eHM hohjithh peryjiapHBix h chjibho peryjiapHBix 
KpaeBBix ycjioBHH, 6bijio Hccjie^oBaHo acHMnxoTHHecKoe noBeflenne co6cxBeHHBix anane- 
HHH H Co6cXBeHHBIX (JiyHKpHH. KpOMB XOXO, GbIJIH flOKaSaHBI XeOpeMBI O nOJIHOXe CHCXe- 
MBI Co6cXBeHHBIX H npHCOe^HHeHHBIX (JiyHKpHH H HCCJIB^OBaHa nOXOHeHHaa CXO^HMOCXB 
cneKxpajiBHBix paajiojKenHH. Hccjie^oBaHHe cbohcxb GeaycjioBHofi GaancHocxH (GaancHo- 
cxH Pncca) cncxeMBi KopneBBix BexxopoB ^jia oGbiKHOBeHHBix flH(|)(|)epeHii;HajiBHBix one- 
paxopoB HanajiocB b 60-e xo^bi c pa6ox H. /^ancjiopfla, B. IT. MHxaHJioBa h B. KecejiBMana 
[281 [121 [7]. Tor^a ace A. C. MapKycoM jn] H B. 3. KapnejiBcoHOM |5] 6biji npe^jiGacen 
aGcxpaKXHBiH Mexo^, no3BOJi3ioiri;HH ^oKasBiBaxB GaancHocxB Pncca BosMyipeHHH ca- 
MoconpajKeHHBix onepaxopoB b rnjiBGepxoBOM npocxpancxBe. 3xox Mexo^ nojiy^Hji cy- 
ipecxBeHHoe pasBHXHe b pa6oxax A. C. Mapxyca h B. H. MapaeBa (cm., nanpHMep, |33|). 
Bo noBopy npEMeneHna sxoro Mexopa k oGbikhobchhbim pncJicl^epeHpHajiBHBiM onepaxo- 
paM cjiepyex oxmcxhxb cxaxBH A. A. LQKajiHKOBa [T8ll38l[T^ . B Hameii pa6oxe mbi xaKJxe 
HcnojiBsyeM axox Mexop. HaynenHe cncKxpajiBHBix cbohcxb pH(|)(l)epeHpHajiBHBix chcxcm 
nepBoro nopapKa 

tBY' + v{x)Y, Y = {y,{x))i, 
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n n X n Maxpnp-cl^yHKpHeH v{x) HanajiccB c paGoxBi P. BHpKro(|)a h P. Jlanrepa [21]. Ha 
HepaBHHx pa6ox, nocBHipcHHBix xaKHM cHcxcMaM, oxMcxHM paGoxBi M. M. MajiaMypa, 
JI. JI. OpHpopoxH H A. A. JlyHCBa [32113I]. B HHx BBcpcHo noHHXHc cjiaGo peryjiHpHBix 
KpaeBBix ycjioBHH (pjiH cjiynaa chcxcmbi 2I,HpaKa oho aKBHBajienxHo o6bihhoh peryjiap- 
hocxh) h poKaaaHBi xeopeMBi o nojiHoxe, MHHHMajiBHocxH h GaancHocxH Pncca chcxcmbi 
K opneBBix BeKxopoB pjiH cjiynaH v G Lao [( i , b ]. CBOHcxBaM GaancHocxH chcxcmbi coGcxBen- 
HBix H npHcoepHHeHHBix (JiyHKpHH cHcxeMBi ,ZI,HpaKa nocBHipena oGninpHaH jiHxepaxypa. 
H. TpyniHH h M. Hmomoxo [121115] ycxaHOBHjiH GaancHocxB Pncca b cjiynae P E L 2 n 
paapejieHHBix KpaeBBix ycjioBHH. B cepHH pa6ox H. 2I,>KaKOBa h B. MHxnxHHa (cm., na- 
npHMep, [25l l26] l HaynaioxcH cneKxpajiBHBie cBoflcxBa onepaxopa/I,HpaKa (b hbcxhocxh, 
noppoGno o6cy>KpaexcH cjiynail nepHopHnecKHx, anxHnepHopHnecKHx h o6iii;hx peryjinp- 
HBix, ho He CHJIBHO pexyjiHpHBix KpaeBBix ycjioBHfi). B [27] HayneH onepaxop 2I,HpaKa c 
HoxenpHajiOM P E L 2 vi npoHaBOjiBHBiMH peryjiapHBiMH KpaeBBiMH ycjioBHHMH. /(jih cjiy- 
HaH CHJIBHO peryjiHpHBix ycjioBHH 6Bijia poKaaana 6aaHCHocxB Pncca, a npn oxcyxcxBHH 
CHjiBHOH peryjinpHocxH — GaancHocxB Pncca na nopnpocxpancxB. B nepaBHen pa6oxe [37] 
6Bijia poKaaana 6aaHCHOcxB Pncca pjiH oGipero cjiynan cyMMHpyeMoro na [0,7r] noxen ii n- 
ajia Q H CHJIBHO peryjinpHBix KpaeBBix ycjioBHH. Oxmbxhm, hxo b pa6oxe A. A. JlyneBa h 
M. M. MajiaMypa m xaKHce anoHCHpoBan sxox peayjiBxax h Mexop ero poKaaaxejiBcxBa, 
OXJIHHHBIH ox HpepjIOJKeHHOXO B Ell. HeoGxopHMo xaKJKe ynoMHHyxB paGoxBi paajiHHHBix 
aBxopoB [sniiii E], B KoxopBix HHxaxejiB MOJKex HanxH GjiHaKHe peayjiBxaxBi. SaMexHM 
eipe, HXO cBOHcxBa GaaHCHocxH ecxecxBOHHBiM oGpaaoM o6o6ipaioxcH po peayjiBxaxoB o 
paBHOCXOpHMOCXH (cM. HO 3XOH XOMe oGaOpHyiO CXaXBK) |34) H CCBIJIKH B Hen). BonpOCBI 
o paBHocxopHMocxH pjiH cHcxeMBi KopHOBBix (|iyHKpHH oHopaxopa HIxypMa-JlHyBHjijiH c 
HerjiapKHMH noxenpHajiaMH Gbijih HccjiepoBaHBi BxopBiM aBxopoM b paGoxax [T51155] [17] . 
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TaKHM o6pa30M, pe3yjit.TaTt,i stoh cTaxtH no^roxoBJiT 6a3y ^jih flOKa3axejit.cxBa xaxHx 
xeopeM B cjiynae cncxeMBi ^Hpaxa. 

Hacxojimaa cxaxBa opranKBOBana cjie^yiomHM o6pa30M. B nepBOM naparpa(|)e npHBe- 
^eHBi npe^BapHxejiBHBie pe3yjiBxaxBi, HeoGxo^HMBie ^jih ^ajiBHemero. B HacxHocxH, mbi 
noKajKBM, Hxo flocxaxoHHo H3yHHXB cjiynaH pi = p4 = 0, ccJiopMyjiHpyeM onpe^ejieHHe 
peryjiHpHBix h chjibho peryjiapHBix no BnpKxocJiy KpaeBwx ycjiOBnn ^jih cjiynan cncxe- 
MBi /Inpaxa n npnBe^eM necKOJiBKo sjieMenxapnwx cJiaKxoB o6 onepaxope £o,t/ c nyjieBBiM 
noxenpnajioM. Bo BxopoM naparpa(|)e mbi nojiynaeM acHMnxoxnnecKne (j3opMyjiBi ^jin co6- 
cxBOHHBix 3HaneHHH H co6cxBeHHBix (JiyHKpnn onepaxopa £p,c/- Oxmoxhm, nxo 3^ecB mbi 
paccMaxpHBaeM xojibko o6iii;hh cjiynafi P E Li , xoxn nam Mexo^ noBBOJinex yxonnnxB 
opeHKH ocxaxonHBix njienoB b oxhx cJiopMyjiax ^jih cjiynan P E Lp (cjiynafi p E [1,2] 
pa3o6paH B paGoxe |3Z]) h ^jin niKajiBi npocxpancxB BecoBa P E q E [l,oo], 9 ^ 0 
(oxox cjiynan aBxopBi njiannpyiox paccMoxpexB b ox^ojibhoh paGoxe). Tpexnn naparpa(|) 
nocBnipen HBynennio (JiyHKpnH rpnna onepaxopa Cp^u- Mbi nan^eM ee nanBin bh^ b xep- 
Mnnax cJiynflaMenxajiBnoH chcxombi pemennn n ^OKanceM orpannnennocxB oxon cJiynKpHH 
B nojiynjiocKocxax |ImA| > a. Cjie^ya paGoxe [6], mbi nocxpoHM 3flecB cncxeMy co6- 
cxBennBix n npncoe^nnennBix cJiynKpHH onepaxopa Cp^u- Taxnce 3flecB ^oxaBana xeope- 
Ma o6 acHMnxoxnnecKOM noBe^ennH cnexxpajiBnBix npoexxopoB. Pe3yjiBxaxBi o nojinoxe 
H MnnHMajiBnocxH cncxeMBi co6cxBennBix n npncoe^nnennBix BexxopoB onepaxopa Cp^u 
npHBe^enBi b nexBepxoM naparpacjie pa6oxBi. Oxmoxhm, nxo oxn pe3yjiBxaxBi ynce Gbijih 
KpaxKo H3Jio>KenBi B pa6oxe |37) : 3flecB mbi cnaG^HM nx nojinBiM ^oxaBaxejiBcxBOM. B 
nexBepxoM naparpacjie npnBe^enBi xannce pe3yjiBxaxBi o 6a3HcnocxH Pncca ^jin cjiynan 
CHjiBno peryjinpnBix xpaeBBix ycjioBnn. Ho cpaBnennio c paGoxon |37) 3flecB mbi necKOJiBKO 
MOflHcJmpnpoBajiH n ynpocxnjin ^oxaBaxejiBcxBo. HaKonep, b nnxoM naparpacjie paGoxBi 
nojiynen ocnoBnoii pe3yjiBxax pa6oxBi: ^oxaBana 6a3HcnocxB Pncca h 3 ^ByMepnBix no^- 
npocxpancxB ^jin cjiynan npoH3BOjiBnoro cyMMnpyeMoro noxenpnajia n peryjinpnBix, no 
ne CHjiBno peryjinpnBix xpaeBBix ycjiOBnn. 3xox cjiaxx 6biji anoncnpoBan b |37| : 3flecB mbi 
npHBo^HM ero nojinoe floxa3axejiBcxBo. 


1. OB03HAHEHH5I H nPEflBAPHTEJIbHblE PESyjIbTATbl. 


SaMexHM, nxo cyipecxByex ^Ba ajiBxepnaxnanBix Bn^a Banncn chcxcmbi /^npaxa. B 
cannon pa 6 oxe mbi Gy^eM paccMaxpnaaxB cncxeMy nn^a 


ip{y) = By' + Py, r^e 


( 1 . 1 ) 



B npocxpancxBe HI = L2[0, tt] © p2[0, vr] 9 y. Oynxpnn pj, j = 1, 2, 3,4, npe^nojiaraioxcn 
cyMMnpyeMBiMn na oxpe3xe [0, tt] n xoMnjiexcno3nannBiMn. KpaeBBie ycjiOBnn n oGjiacxB 
onpe^ejiennn onepaxopa Gy^yx o6cynyii;axBC3 nnnce. AI,pyroH (|iopMOH 3anncn (cm., nanpn- 


Mep, [2n]) nBjinexcH 


( 1 . 2 ) 


£q(u) = Bu' + Qu, r^e 
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3th 4)opMt.i sanHCH sKBHBajieHTHti. Tax, aaMena Ui = |(|/i + 1/2), ^2 = f(2/i —2/2 ) cbo^ht 
CH cxeMy fll.2l) k BH^y fll.ip . ^ajiee mbi noKanceM, hto ^ocTaxonHo HsynHXB cjiynan, Kor^a 
P4 = Pi = 0 (p,JIH CHCXeMBI, SanHCaHHOH B (JlOpMe fll.2p SXO 9KBHBajieHXHO paBeHCXBaM 

qi = -qa, q2 = qs)- 

Hepea y(a;) = {yi{x), y 2 {x)y 6yp,eM oGoanaHaxB BeKxop-(|)yHKn;HH na oxpesKe [0,7r], a 
Hepea 

(f, s) = [ + f 2 {x)M^)) dx 

Jo 

— cKajiHpHoe npoHaBep;eHHe b npocxpancTBe H. HxoGbi ne ycjiojKHHXB aanncB, mbi 6 yp;eM 
HHcaxB f G Lp, HMea b BHp;y, hxo f G Lp[0,7r] x Lp[0,7r], hjih P E Lp, nues b BHp,y, hto 
Bce KOMHOHeHXBi MaxpHpBi jiejKax B Lp. HopMy no nepeMennoH x E [0, vr] b npocxpancTBe 
Lp HJIH B Lp X Lp 6yp;eM oGoaHanaxB || • ||p. 

nepeHp,eM k onpep;ejieHHio onepaxopa Cp, KoxopBiH mbi cBunceM c p;H4)4)epeHn,HajiBHBiM 
BBipajKeHHeM £p. npejKp;e Bcero, onpep;ejiHM MaKCHMajiBHBifl onepaxop 

j^p,My ■= ^p(y); Ti{Cp^m) = {y e ■. £p{y) e h} 

H MHHHMajIBHBIH OHCpaXOp £p,m, HBJIHIOmHHCH CyJKeHHeM OHepaXOpa Cp^M Ha o6jiaCTB 

= {y G S)(£p,m) : y(0) = y(7r) = 0}. 

3p;ecB = iyj'^[0,7r] — npocxpancTBo a6cojiioxHo nenpepBiBHBix cjiyHKpHH. Ho- 

CKOJiBKy sjieMeHXBi MaxpnpBi P — cyMMHpyeMBie cJiyHKpHH, 06a cjiaraeMBix p;H(|x|iepeH- 
pnajiBHoro BBipancennH ^p(y) KoppeKXHo onpep;ejieHBi, Kax (|)yHKn;HH na Li. IIpH sxom, b 
o6jiacxB onpep;ejieHH5i onepaxopa Bxop;5ix xojibko xe cjiyHKpHH y, p;ji5i KoxopBix cyMMa axHx 
cjiaraeMBix npHHap,jie>KHx H. Hepea Cp*^M h jCp*^m 6yp,eM oGoaHanaxB MaxcHMajiBHBiH h 
MHHHM ajIBHBIH oHepaxopBi, nopojKp;eHHBie conpHJKeHHBiM p;H(|xJ)epeHii,HajiBHBiM BBipance- 
HHeM 

ip* (y) := By' + P*y, rp,e P* = 

yxBep^K/^eHHe 1.1 (OopMyjia JlarpaHJKa). ak)6ux (J^yuKynu f G 'D{Cp^m), 

g e S)(£ P* m) cnpaeedAueo mocncdecmeo 

(1.3) 

{£p,Mf, g) = (f, £p",Mg) + |f, g);, 2* [f, g); = -! /i(a:)9i(l)|J + ! /2(a:)92(p)i; • 

/doKaaameAhcmeo. PaBencxBo fll.3p nojiynaexcH HHxerpnpoBaHHeM no nacxHM. □ 

Ha 9XOH (JiopMyjiBi, b hbcxhocxh, HOJiynaeM 

(1-4) (£p^Mf, g) = (f)'^P*,mg), f £ g € 

B flajiBHeiimeM Bancnyio pojiB nrpaex cjie^yiomee yxBepjK^eHHe, Koxopoe jierxo cjie- 
^yex Ha HanecxHoro peayjiBxaxa xeopnn o6BiKHOBeHHBix ^HcJxJiepeHpHajiBHBix ypaBHCHHii 
(cm., HanpHMep, [H Bji. Ill §2]). 

TeopeMa i. HycxB A(x) — Maxpnpa paaMepa nxn, ajicMCHTBi KoxopoH hbjihioxch cjiynx- 
pHHMH npocxpaHCXBa Li[0,7r], a f G [Li[0,7r]]” — Bexxop-cJiyHKpHH. Tor^a npn jiio 6 om 
c G [0, tt] ypaBHCHHe 

y' = A(a;)y + f, c ycjioBHCM y(c) = ^ G C”, 

HMeex e^HHCTBCHHoe pemeHHe y(-) ^ ACy^^Tr]. 


fpi P3\ 

¥l) ' 
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HanoMHHM, HTo onepaxop F, ^eficTByiomHH b rHjiBGepxoBOM (hjih GanaxoBOM) npo- 
cxpancxBe H, naaBiBaexcH ^pedsoAhMoeuM, ecjin ero oGjiacxB onpe^ejieHHa njioxHa b 
H, oGpaa saMKnyx, a ^ecl^eKXHBie nncjia {a,f3}, paBHBie pasMepnocxaM sppa h Koa^^pa, 
KoneHHBi. 

Hs yxBep>K^eHH3 11.11 h xeopeMBi [I] cpaay cjie^yex 

yxBep^KfleHHe 1.2. Upu ak)6om A G C onepamopu — u — ^pedsoAhMo- 
eu, HeAHwmcR esauMHo conpnoiceHHUMU; a ux decfieKumue hucaq paenu {2,0} ti{0,2}, 
coomeemcmeeHHo. 


IlepeHfleM k onncaHHio pacmnpeHHH C onepaxopa Fp,m, AJia KoxopBix 
Fp,m C £ C £p,M- SaMexHM, Hxo jiroGoil xaKoii onepaxop HMeex oGjiacxB onpe^e- 
JieHHH 

D(£) = (y G D(£p,m) : Uj{y) = 0,1 ^ j ^ z/}, 

r^e Uj — jinnennwe (})opMBi ox BexxopoB y(0) n y(7r). 3 xh (})opMBi mojkho cnnxaxB jinnen- 
Ho neaaBHCHMBiMH n xor^a nx nncjio u aaKjnoneno Menc^y 0 n 2 . Ecjih mbi xoxhm, nxoGw 
onepaxop C hmoji nenycxoe peaojiBBenxnoe MnoncecxBO, x.e. ^Jin nenoxoporo A G C nn- 
fleKCBi onepaxopa C — XI Gbijih nyjieBBiMH, xo, corjiacno vxBepncjennK) [L 2 l z/ = 1 . TaKHM 
oGpaaoM, onepaxop C = Cp^u HMeex oGjiacxn onpe^ejiennn 


( 1 . 5 ) 


V{Cp^u) = {y e T>{Cp^m) : f/(y) = 0 } , r^e 


^(y) = C'y(O) + Fy( 7 r) 


fuii Mi2W2/i(0)A /«13 Uii\ 
yM2i U22J ^ 2 / 2 ( 0 )y \M23 U24J 


npnneM cxpoKH Maxpnpw 


Vl/2(7r)y 


U := (C, D) 


(Ull U 12 Mi3 Mi4 
\W21 U 22 U 23 U2A 


jinnenno nesaBHCHMBi. OGoanannM nepes Jap onpe^ejinxejiB, cocxaBjiennwn ns a-ro n 
/ 3 -ro cxojiGpa MaxpnpBi U. 


Onpe^^ejieHHe 1.1. Kpaenoe ycjioBne, onpe^ejiennoe (})opMOH U, naawBaexcn pezyAnp- 
HUM (no BHpKro(j 3 y), ecjin J 14 ■ J 23 7 ^ 0 . Onepaxop /{npaKa, nopo>Kyi;ennBiH peryjinpnwM 
KpaeBBiM ycjioBHeM U (x.e. onepaxop £p,p c oGjiacxnio onpe^^enennH fll. 5 p ). 6 y 7 i;eM naani- 
BaxB pezyAApHUM. 


Alajiee b paGoxe mbi 6yyi;eM paccMaxpnBaxB xojibko peryjinpnBie xpaeBBie ycjioBnn, xan 
KaK yi;ji5i yi;annoH 3a7i;anH peryjinpnBie onepaxopBi coxpanniox KjiaccnnecKne acHMnxoxHKH 
7i,ji3 coGcxBennBix ananennn n coGcxBennBix cJiynKpHH. 

Mbi yjKe roBopnjin BBime, nxo 6e3 orpannnennn oGipnocxH Moncno cnnxaxB (JiynKpnH 
Pi H p 4 nyjieBBiMH. CcJiopMyjiHpyeM cooxBexcxByroipee yxBep>K7i;enHe. Bnanajie nanoMnnM, 
nxo ecjiH yi,Ba onepaxopa Ai n A 2 b rnjiBGepxoBOM npocxpancxne c njioxnwMH oGjiacxnMH 
onpe7i;ejienH5i no7i;o6nBi, x.e. cyipecxByex xanon orpannnennBin n orpannnenno oGpaxHMBin 
onepaxop T, nxo A 2 = T~^AiT, a D{A 2 ) = T~^T){Ai), xo h 3 3aMKnyxocxH o 7 i;noro onepa¬ 
xopa cjie7i;yex 3aMKnyxocxB yi;pyroro. no7i,o6nBie onepaxopw HMeiox 07 i;HnaK 0 BBiH cnexxp, b 
nacxnocxH, ecjin cnexxp onepaxopa Ai cocxonx h 3 coGcxBennwx Bnanennn (t{Ai) = {An}, 
xo H a{A 2 ) = {An}, npnneM Kpaxnocxn oxnx coGcxBennwx Bnanennn yi;jiH Ai n ^42 coBna- 
yi,aiox. Ecjin {cn} — cncxeMa coGcxBennwx n npHcoe 7 i;HnennBix BexxopoB onepaxopa Ai, 
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TO {T“^e„} — cHCTOMa coGcTBeHHbix H npHcoe^HHeHHBix BeKTopoB onepaxopa A 2 . Ox- 
cio^a cjie^yex, hxo oth cncxeMBi oGjia^aiox o^HnaKOBBiMH reoMexpHHecKHMH cBoficxBaMH 
(nojiHoxa, MHHHMajiBHocxB, GasHCHocxB Pncca, 6a3HCHocxB Pncca co cKoGKaMH h x.^.). 


yxBepiacfleHHe 1.3. Uycmh P{x) — npouseoAhnasi Mampuya pasMepa 2 x 2 c SAeMen- 
maMU pj G Li[0,7r], j = 1, 2, 3, 4, a Mampuya U sadaem peeyAHpHue Kpaeeue ycAoeuH. 
Todda onepamop Cp^u nodo6eH onepamopy Cp p + 7 J, zde 


(ij) 

99 (x) = px 


P{x) 


( 0 P2(a:)\ 

VPs (a:) 0 ) 


P2{x) = Psix) = 


Pi{t)dt, = / p^{t)dt-px, 7 = —/ {p^{t) + p^{t))dt, 


U = (C, D), C = C, D = exp{ - {pi{t) - piit))dt ) D. 


/doKasameAhcmeo. PaccMoxpHM b npocxpaHcxBe H onepaxop yMHOJKenHH na Maxpnpy 

Wix) 


IP : y ^ 



0 \ /^l/i(a:)\ 

\y2{x)) ' 


SaMexHM, HTo 3TOT onepaxop orpaHnnen, nocKOJiBKy (JiyHKpHH (p n ip aGcojiioxHo nenpe- 
pBiBHBi, H orpaHHHeHHo o6paxHM. Tor7;a 


w-Hpiwi) = w-^Bwr + {W-^PW + W-^BW) f = 


-i 0 
0 i 


f' + 


Pse 


Pi P 2 e 


Pi 


f + 


-Ip' 


f = £p(f)+7f. 


OcxaexcH HafixH oGjiacxB onpe7;ejieHH5i onepaxopa W~^Cp^uW. SaMexHM, nxo ecjin 
y G AC[0,7r], TO n lP“^y G AC[0,7r]; ecjin £p(y) G H, to n ^p{W~^y) = lP“^^p(y) G H, 
Tax nxo fljin MaKCHMajiBHoro onepaxopa 1 P“^Si(£p^m) = ®('^pm)- JlexKo bh^otb, nxo 


1P(0) = /, a Win) = exp ipiit) - piit))dt^ L 

Ecjin z G '^iCp p), TO z = 1P“V) r7;e y G 2)(£p,p). Tor7;a xpaeBBie ycjiOBnn npnnnMaiOT 
bht; 


C'y(O) + Zly(7r) = 0 7=^ C'lP(0)z(0) + DlP(7r)z(7r) = 0 


Cz(0) + exp ( - / ipiit) - piit))dt Dzin) = 0, 


T.e. 


U = (C, D), r7;e C = C, a D = exp ( - / (pi(t) — p 4 it))dt ] D 


□ 


Bci07,y 7;ajiee b paGoxe mbi 6y7;eM cnnxaxB, nxo npeoGpaaoBannn ynce npoBe7;enBi (npn 
3XOM cneKxpajiBnBiH napamexp A mbi saMenneM na A + 7). TaKHM oGpasoM, mbi 6y7;eM 
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paccMaTpHBaxb onepaxop, nopojK^eHHbiH flH4)4)epeHii;Hajit.Ht.iM BtipaaceHneM fll.ip . r^e 
Maxpnpa P{x) HMeex bh^ 

(1-7) P{x) = ^2(3;)^ ^ ^ Li[0,7r], 

H peryjiapHBIMH KpaeBBIMH yCJIOBHHMH fll.sp . 

Onpe^ejieHHe 1.2. Onepaxop /I,HpaKa Cp^u nasBiBaexcn cu/ihuo peeyA^pHUM, ecjin on 
peryjinpen n k xoMy nee (J12 + ^34)^ + 4Ji4 J23 7^ 0. 

Mbi 6y7i;eM cpaBHHBaxn acHMnxoxnnecKoe noBe7i;eHHe coGcxBennBix ananennH n co6- 
cxBeHHBix (JiyHKpHH onepaxopa Cp^u h onepaxopa £o,c/- PaccMoxpnM onepaxop Cq^u, no- 
po>K7i,ennBiH 7i;H4)4)epenn,HajiBnBiM BBipancenneM io{y) = By' n peryjinpnniM KpaeBWM 
ycjioBHeM U{y) = 0 BH 7 i,a fll.Sp . 

yTBep>K7],eHHe 1.4. Cnenmp onepamopa Co,u coemoum U3 co6cmeeHHux SHaneHuu, ko- 
mopue MOMCHO sanucamh deyMH cepuHMU — Mn zq + 2n, w — Mn + 2n, n G Z, zde Zq u 
Z i — KopHU KeadpamHoso ypaenenuH 

( 1 . 8 ) </23^^ ~ [<712 + > 734 ]^ — Ji4 = 0, 

a SHaneHUA eemeu AosapuepMa ^UKCupyrnmen e noAOce Im G (—7r,7r]. 


B 7i;ajiBneHmeM mbi 6y7i;eM nyMepoBaxB oxn coGcxBennBie ananennn 07i;nHM Hn7i;eKCOM 
n G Z, o6x.e7i;HnHn 7i;Be cepnn b 07i;ny: 


(1-9) A° = 


xq + n, 7i,jiH nexnBix n, 

Xi + n, 7i;jiH nenexnBix n, 


t % 

r 7 i;e Xq =-In Zq, Xi =-In z\ — 1 , 

TT TT 


npnneM — 1 < Re xq ^ Re Xi + 1 ^ 1 . B cjiynae Re xq = Re xi + 1 7 i;ji 3 onpe7i;ejiennocxH 
6 y 7 i;eM cnnxaxB, nxo Imxo ^ Imxi. 

/loKaaaxejiBcxBo oxoro yxBep>K7i,enH5i, xax nee nan n 7i;pyrHe cBe7i;enH5i 06 onepaxope 
£o,; 7; MOJKno nanxn b pa6oxe H. ^ncaKOBa n B. Mnxnrnna | 26 ] . Mbi, o7i;naKo, npHBe7i;eM 
Hx 37i;ecB 71,113 y7i,o6cxBa nnxaxejis. 


/^OKasameAhcmeo. PemennsMn ypaBnennn 7 o(y) = Ay c nanajiBnBiMH ycjioBnnMn ( 1 , 0 )* 
H ( 0 , 1 )* 3 BJI 3 IOXC 3 (JiynKpHH e^^x, A) = 0 )* n 62(0;, A) = ( 0 , cooxBexcxBenno, 

a o 6 ni;ee pemenne HMeex BH 71 , y = + cu^e^. no7i,cxaBji33 oxo BBipancenne b xpaeBBie 

ycjioBH3 nojiynaeM cncxeMy 


( 1 . 10 ) 


[mii + + [mi2 + Uue = 0, 

[m 2 I + U23p'^^]uJi + [m 22 + ^246 = 0 . 


06o3HanHM Maxpnpy oxon cncxeMBi nepe 3 Mq{X). Hhcjio A G C 3 Bji 3 exc 3 co 6 - 
cxBeHHBiM 3HaneHHeM onepaxopa £ 0 , 1 / xor 7 i,a n xojibko xor 7 i,a, Kor 7 i,a onpe 7 i,ejiHxejiB 
Ao(A) := detMo(A) oGpamaexcn b hojib. HenocpeT^cxBennBiMn BBinncjiennsMH nojiynaeM 

(1.11) Ao(A) = [J 12 + J 34 ] — + <7i4e 

Ocxaexc3 c 7 i;ejiaxB b sxom ypaBnennH no 7 i;cxaHOBKy = z. □ 
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yTBep^K/^eHHe 1.5. HopMupoeannue co6cmeeHHue ^yHKii,uu y°, n G Z, cuAhuo peey- 
AHpHOdo onepamopa Cq^u uMemm eud 

(1.12) y° = a;° O)* + ul^{0, n G Z, sde 

j = 0 npu HeruHOM n u j = 1 npu HenemHOM n. HucAa ede i = 1 , 2 , a j = 0, 1 , 
onpedeAAwmcA Mampuyeu U. 


/ l ^ oKasameAhcmeo . CoGcTBeHHt-ie 4)yHKn,HH, BBe^eHHbie b ^oKaaaTejiBCTBe npe^Bi^ymero 
yxBepjK^eHHH, HMeioT bh^ coij^e'Kx, A°) +a;2„e2(a:, A°). IIpH stom nncjia h uj^n gctb 
pemeHHJi cHcxeMBi fll.lOp . b Koxopofi A = A°. IIocKojiBKy Maxpnpa sxofi cncxeMBi 2- 
nepHO^HHHa no napaMexpy A, a A°_,_2 — A° = 2, xo nncjia n u^n saancax jinmn ox 
nexHocxH nn^eKca n. OGoanannM nx n j, j = 0 npn nexnoM n n j = 1 npn nenex- 
HOM n. Ocxaexcn nopMnpoBaxn coGcxaennwe (jDyHKpnn. Tax Kax e5’(x, A°) = (e*^°^,0)^ n 
62(0;, A°) = xo 


K,e?(^>^n)+<e°(a;,A^ 


lie 


= \UJ 


0 |2 
Ijl 


|g*A0a;|2 


U-*A^|2^^ = 


= \U 


0 |2 
Ijl 






dx. 


riocne^Hee BBipancenne saBHcnx xojibxo ox nexnocxn n, a anannx, nocjie nopMnpoBxn 
nojiynHM fll.r2p c nexoxopwMH hobbimh i = 1, 2, xoxopwe no-npejxneMy saBHCHX 
XOJIBXO ox nexnocxn n. □ 


SaMenaHHe 1.1. Ecjih onepaxop £o,n cnjinno peryjinpen, xo ^ncxpHAinnanx xna^paxno- 
ro ypaBnennn (II.8p oxjinnen ox nyjin n xopnn zq, Zi pasjinnnBi. Kopnenwe no^npocxpan- 
cxBa peryjinpnoro, no ne cnjinno peryjinpnoro onepaxopa Cq^u, oxaenaroipne xaJX^OMy 
co6cxBennoMy ananennio, ^ByMepnw. Ilpn oxom BOSMOJxnBi ^Ba cjiynan — jih6o b xa>x- 
^OM no^npocxpancxBe ecxB Gaanc na ^Byx coGcxBennnix cJiynxpHH onepaxopa Cq^u, JihSo 
xajxfloe no^npocxpancxBO co^epjxnx ponno o^nn (c xonnocxBX) ^o Mnojxnxejin) co6cxBen- 
nwH Bexxop. 


2. ACHMnTOTHHECKHE OOPMYJIbl. 


06 o 3 nanHM nepea 

( 2 . 1 ) 


E{x,X) 


/eii(x, A) 
\^e2i(x, A) 


612(0;, A)A 
622(0;, A) J ’ 


ei(o;. A) 


/611(0;, A)A 
1^621(0;, A)^ 


62(0;, A) 


f 612(0;, A)A 
1^622(0;, A) J ’ 


Maxpnpy cjoyn^aMenxajiBnon cncxeMBi pemennn ypaBnennn ip{y) = Ay c nanajiBnwMH 
ycjioBHJiMH E(0, A) = I. Hccjie^oBannn peryjinpnoro onepaxopa Cp^u mbi BocnojiB- 
ayeMcn peayjiBxaxaMH 06 acHMnxoxnnecxoM none^ennH (Jjyn^aMenxajiBnon cncxeMBi pe- 
mennn fl2.ip b xoMnjiexcnon A-njiocxocxn Bnyxpn nojioc 11^ = {A G C| |ImA| < a}, 
nojiynennBiMH aBxopaMH b jT5]. B axon paGoxe paccMaxpnBajicn onepaxop Cq^u, sann- 
cannBiH b (|iopMe fll.2p . a openxn ocxaxonnwx njienoB b acHMnxoxnnecxnx (|iopMyjiax 
Gbijih nojiynenw ^jin noxenpnajia Q na npocxpancxB Lp , p G [1,cxd]. S^ecB naM noxpe- 
Gyioxcn xojibxo peayjiBxaxBi ^jia cjiynan p = 1, npnneM mbi nepecJoopMyjinpyeM nx p;jia 
cncxeMBi AJupaxa, aanncannon b (|iopMe fll.ip c Maxpnpen fll.7p . 











IIOJIOJKHM 


621(0;, A) = P2i(a;, A), 

622(0;, A) = 6 + p22{x, A). 


611 (x. A) = 6*-^* + pii(o;. A), 

(2.2) 612(0;, A) = pi2(o;. A), 

SaMexHM cpaay, hto Pj,fc(0, A) = 0, j, k G {1, 2}. 

TeopeMa ii. IlycTb P{x) HMeex bh^ fll.Tp . a ei > 0 — nponsBOJibHoe cJiHKCHpoBaHHoe 
HHCJio. Tor^a 


(2.3) Pj,k{x, A) —)■ 0 j, /c G {1, 2}, npH Ha 9 A —)■ cxo 

paBHOMepHo no a; G [0,7r]. Bojiee xoro, nan^excn xanoe nncjio (3 = (3{P,a) > 0, nxo ^jin 
Bcex A G := {A G IIq, : |ReA| > (3} 

(2.4) pifc(o;. A) = r]ik{x, A)6*^"^, P2fc(o;, A) = r] 2 k{x, k = 1 , 2 , 


npnneM nonxn Boo^y na [0, vr] BBinojinenbi openKH 


(2,5) 


sup < M|p2(u)|, 


sup 1(7721(0;, A))(^| ^ M|p3(a;)|, 


sup 1(7/12(0;, A))'^| ^ M|p 2 (o;)|, 


sup 1(7722(0;, A))(,| ^ M|p3(a;)| 


fljin neKoxoporo M = M{P, a). 


AcHMnxoxnnecKoe noBe^enne cjaynKpun ej { x , A) bhc nojioc IIq b pa6oxe [15] ne nayua- 
jiocB. ripHMeHnn Mexo^, anajiornnHBin Mexo^y, ncnojiBaoBannoMy b oxoh paGoxe, necjiojK- 
Ho nojiyuHXB acuMnxoxnnecKne npeflcxaBjienna ^jin ej { x , A), j = 1, 2, b cexxopax 

S'! = {A G C : 6 < arg A < vr — e} n 5*2 = {A G C : —vr + e < arg A < — e}, 

r^e 6 G (0, vr/2) nponsBOJiBHO. Bojiee xoro, mojkho nojiyunxB KBajiucJaHpHpoBaHHyio open- 
Ky ocxaxouHBix njienoB b oxhx npepcxaBjiennnx b aaBHCHMOcxn ox nnpeKca p npocxpan- 
cxBa Lp[0,7r] 3 pj , j = 2, 3. SpecB, opnaxo, nac nnxepecyex xojibko cjiyuan p = 1, n 
noxoMy MBi BocnojiBsyeMcn peayjiBxaxoM pa6oxBi |32j . B nen nayuajicn cjiyuan oGipen 
CHcxeMBi By ' + Py b npocxpancxBe (L2[0, vr])"'. Mbi c(|)opMyjiHpyeM apecB xeopeMy 2.2 
oxoii paGoxBi pjin cjiyuan cucxeMBi A^npaxa. 


TeopeMa iii. IlycxB Maxpnpa P{x) HMeex Bnp fll.7D . CyipecxByex Maxpnpa T(a;, A) 
(JaynpaMeHxajiBHOH cncxeMBi pemennH ypaBnenna ip{y) = Ay, ojieMenxBi Koxopon 
yjk{x,X) 5IBJI5UOXCH pejiBiMH (JaynKpHUMH napaMexpa A c orpaHnnenneM na pocx 
\yjk{x,X)\ ^ rpe M ne aaBncux ox a; n A. KpoMe xoro, Y{x,X) HMeex acHMn- 

xoxHHecKoe npepcxaBjieHHe 


( 2 . 6 ) 


/6*^"^(1 + 0(1)) 6-*^^ -0(1) A 

V 6 *^^ • 0(1) 6 -*^^(l + 0(1 ))J 


npH A —)■ cxo B ceKxopax Si h S2 paBHOMepno no a; G [0, vr]. 


HaM HeoGxopHMo bbihchhxb acHMHxoxHnecKoe noBepenne ([lyHKpHH ei(a;. A) h 02 (a;. A) 
npH A —)■ CXD BO Been KOMHJieKCHOfl HJIOCKOCXH. Ajjru oxoro MBI BOCHOJIBSyeMCH xeopeMaMH 
[u] H [ml a XaKJKe ([laKXOM H3 XeOpHH pejIBIX ([lyHKpHH, C(|)OpMyjIHpOBaHHBIM HHJKe. 3 xox 
(JiaKx xopomo nsBeexen cnepnajiHcxaM, ho pjiH hojihoxbi HajiojxeHHH mbi npHBepeM ero c 
poKaaaxejiBcxBOM, oHHpaHCB na cjiepyioipee yxBepxcpeHHe (cm. | 30 |). 
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TeopeMa iv. IlycTb D G C — orpaHKHennaa o6jiacTt., a (JiyHKpHJi f{z) rojioMop(|)Ha b 
D H HenpeptiBHa b D. IlycTB ^ajiee Q E D, Up = {z & £- ■. I 2 ; — Cl ^ p}; npaneM na 
OKpyjKHocTH I2; —Cl = p HMeexca ^yra, ne npHHa^jiejKamaa D, ^jinna KoxopoH I ^ 27 rp/n 
fljia HeKoxoporo naxypajiBHoro n. IlycxB \f{z)\ ^ Mq fljia Bcex ^ G dDnUp h |/( 2 ;)| ^ M 
fljia Bcex ocxajiBHBix xonex z G dD. Tor^a |/(C)| ^ 

JleMMa 2.1. Uycmh f — ycAan (^ynnyuH, a S' = {^ G C : axgz G (0, vr/2)}. 06o3HaHUM 

Mo{r) = sup{|/( 2 ;)| : arg^ = 0, | 2 r| ^ r}, 

Mi(r) =sup{|/( 2 ;)| : arg^r G [0,7r/6], | 2 ;| ^ r}, 

M = sup{|/(^)| : ^ G S}. 

Toeda Mi(r) ^ Mo(r/4)^/4 • 

/JoKasameAhcmeo. BosBMeM xonxy C = re*“, r^e a G [0,7r/6]. Cjiynafi a = 0 xpHBHajien, 
nocKOJiBKy MqIt) ^ Mi(r), xax hxo ^ajiee cnnxaeM a > 0. PaccMoxpHM oKpyjKHocxB 
pa^nyca p = r\/2sina c penxpoM b xonxe C- JlexKo bh^bxb, hxo 3xa oKpyjKHocxB jibjkhx 
B npaBOH nojiynjiocKocxH, nepecexaex BeipecxBeHHyio ocb b xoHKax x± = r(cos a ± sin a), 
npnneM oxpeaoK [x_,a;+] bh^ch h3 xchkh C no^ npnMBiM yrjioM. IlpHMeHHM xeopeMV [T^ 
K (l^yHKpHH f[z) H o6jiacxH D = {z ■. |;2 — Cl < p} n S'. Tor^a 

/ \ 1/4 

|/(C)K max l/WI -NflK 

\2e[x_,x+] / 

ynnxBiBaa, nxo a ^ vr/6, nojiynacM, nxo x_ > r/4, oxKy^a cjie^yex yxBepjKflenne jieMMBi. 

□ 


TeopeMa 2.1. (pyunyun eij{x, A) anaAnmunnu no A eo eceu KOMnACKCHou nAocKocmu u 


( 2 . 7 ) E{x,\) = 


_ / ■ (1 + 0(1)) + • 0(1) 


A\x 


• 0(1) + e • 0(1) 


. 0(1) + . 0(1) 

A\x ^-i\x . (1 + 0 ( 1 )) 


^l\x . ^(]^) _|_ g 


npu C 3 X ^ 00 paenoMepno no x E [ 0 , tt]. 


/JoKasameAhcmeo. Ha xeopeMbi [ml cjiejvex. nxo (|)yHKn,HH ejk{x,X) hbjihioxch pejiBiMH 
4)yHKn,H5iMH c orpaHnnenneM na pocx |e+(a:, A)| ^ Maxpnpa E{x, A), onpe+ejien- 

naa b fl2.ip . HMeex bh+ 

E{x,X) = T-^(0,A)T(a:,A). 

Tor+a H3 fl2.6p cjie+yex fl2.7p npn Sj 3 X ^ 00 paBHOMepno no x G [0, tt]. B xo xce BpcMa, 
npe+cxaBjienne fl2.3p Bjienex fl2.7p na jiynax arg A = 0 n arg A = tt. AI,jih aaBepmenna + 0 - 
KaaaxejiBcxBa xeopcMBi naM ^ocxaxonno noxaaaxB, nxo npe+cxaBjienne fl2.7p cnpaae+jinBo 
xaKJKe B ceKxopax 

S's = {A G C : arg A G [0,7r/6]}, S '4 = {arg A G [57r/6,7r]}, 

S's = {argA G [-TT, -Svr/e]}, n S's = {arg A G [-7r/6, 0]}. 

PaccMoxpHM ceKxop S 3 (ocxajiBHBie xpn cjiynaa paaGnpaioxca ananomnno). HycxB 
Pjk{x, X), j, k = 1 , 2 , — (jDyHKpHH, BBe^eHHBie b fl2.3p . SacJinxcnpyeM nponaBOJiBnyio napy 
HH+eKCOB j, k H xonxy x G [0,7r] n oGoanannM f{z) = pjk{x, z)e^^^. Tor+a f{z) aBjiaexca 
pejioH ({jyHKpneH, npnneM |/(2;)| ^ M b cexxope S's, a na nojiojKHxejiBHOM jiyne Beipe- 
cxBeHHOH ocH f {z) = o(l) npH z ^ 00 paBHOMepno no x G [0,7r]. Corjiacno jreMMe 12111 
f{z) = 0 ( 1 ) B ceKxope S's npn | 2 ;| —)■ 00 paBHOMepno no x G [0, tt]. □ 
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TeopeMa [n] h xeopeMa 12.11 nosBOJiaioT nojiy^HTt acHMnxoTHHecKHe 4)opMyjit,i xa- 
paKxepHcxHHecKoro onpe^ejiHxejia onepaxopa Cp^u c noxenpHajicM BH^a fll.7p h peryjiap- 

HBIMH KpaeBBIMH yCJIOBHJIMH. 


Onpe^^ejieHHe 2.1. IlycxB noxenpHaji P G Li, xpaeBBie ycjioBHH sa^anBi Maxpapefi W, a 
(JiyHKpHH ei(a;, A) h 62(x, A) onpepejienBi b fl2.ip . XapaKuiepucmuHecKUM onpede/iumeAeM 
A(A) onepaxopa Pp,f/ nasBiBaexcH pexepMnnanx MaxpnpBi 


(2.8) M(A) 


/Mil + Wi3eii(7r, A) + Mi4e2i(7r, A) M 12 + Mi3ei2(vr, A) + Mi4e22(7r, A) 
yM2i + 'W23eii(7r, A) + M24e2i(7r, A) U 22 + 'U23ei2(vr, A) + M24e22(7r, A) 


yxBep^KpeHHe 2.1. Uycrnh nomenyuaA P uMeem eud fll.Tp . a Kpaeeue ycAoeuH U peey- 
AHpHu. Uycmh A(A) — xapaKmepucmuHecKuu onpedeAumeAh onepamopa Cp^u, a Ao(A) 
— xapaKmepucmuuecKuu onpedeAumeAh onepamopa £o,n- Toeda npu A —>■ cxo e npous- 
eoAhHou noAoce IIq, cnpaeedAueo acuMnmomuHecKoe npedcmaeAenue 

A(A) = Ao(A) + o(l). 

KpoMe modo, naudemcA manan noAoca nmo npu A —)■ 00 ene omou noAocu, cnpa¬ 
eedAueo acuMumomunecKoe npedcmaeAenue 

A(A) = Ao(A)(l + o(l)). 


/foKasameAhcmeo. OnpepejinxejiB MaxpnpBi M{X) HMeex Bnp 


(2.9) A(A) — J 12 + ^ 13612 ( 71 ', A) + Ji4e22(7r, A) + J32eii(7r, A) + ^ 42621 ( 71 ', A) + 

+ ^34(eii(7r, A)e22(7r, A) - ei2(7r, A)e2i(7r, A)) 


(nanoMHHM, nxo nepes Jay mbi o6o3HanaeM onpepejinxejiB, cocxaBjiennBin h 3 a-ro n [d-ro 
cxojiGpa MaxpnpBi lA). SaMexHM, nxo BBipancenne eii(x, A)e 22 (a^, A) — ei 2 (x, A)e 2 i(x, A) 
nBjiHexcn onpepejinxejieM MaxpnpBi (l^ynpaMeHxajiBHon cncxeMW pemennH b xonne 
X G [ 0 , 7 r]. riocKOJiBKy cjiep MaxpnpBi — P{x)) paBen nyjiio, xo, corjiacno xeo- 

peMe JlnyBHjiJin (cm., nanpnMep, [HI Fji. Ill §1]), 3xo BBipaacenne ne 3 aBHCHX ox x, a npn 
X = 0 OHO paBHo epnnnpe no onpepejiennio cJ^ynKpHn 64 (x, A) n 62 (x, A). IIopcxaBjinn 
acHMnxoxnnecKHe cJiopMyjiBi fl2.7p b cooxHomenne fl2.9p . nojiynnM 

A(A) = Ji 2 +J 34 +Ji 4 e-*"^+J 32 e*"^+o(l) + |e-'"^|) = Ao(A)+o(l) + |e-*"^|) . 


OcxaxonHBiH njien b sxom paBencxBe ecxB o(l) npn IIq, 3 A —)■ cxo pjin jnoGoro a > 0 
H nepBoe yxBepjKpenne xeopeMw ponaBano. ,ZI,oKa>KeM Bxopoe yxBepjKpenne. Pa36epeM 
cjiynan Im A > 0. IIopGepeM oq > 0 xan, nxo 


o'^OLQ 




<^12 + <^34 

+ |^32|e-™° 

/A 

Torpa npn 

ImA > (Xo 





(2.10) 

|A„(A)| 

^ |Ji4e“*"^| - 

- J 12 + <^34 

+ 

^326*"^ 

a 3HanHx 







|Ao(A)|-‘l 


) ^ 2 Ji4 

-1 

(1 + \e 


27 rA I 


HxaK, 

npn ImA > cto : A(A) = Ao(A)(l + o(l)). 
Cjiynan Im A < 0 paBGnpaexcn ananomnno. 


□ 
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Tenepb mm noKajKeM, hto co6cTBeHHMe sHaHeHHH onepaxopa Cp^u acHMnxoxHHecKH 
c6jiH>KaioTC5i c co6cTBeHHt,iMH sHaHeHHHMH HeBosMyipeHHoro onepaxopa. 

TeopeMa 2.2. ITycmh nomeHyuaA P uMeem eud (ll.7p u Cp^u ^ peeyAApHuu onepamop 
/lupaKa. 06o3HaHUM uepes {A°} co6cmeeHHue snaneHUA onepamopa Cq p u uepes co6- 
cmeeHHue sHaneHUA onepamopa Cp^p c ynemoM aAzedpauuecKou Kpamnocmu. Toeda npu 
nodxodAiu,eu nyMepayuu nocAedoeameAhnocmu {Xn}nez (u manaA nyMepayuA eosMOOK- 
na) 

An = A° + o(l) npu \n\ —)• oo. 

B Hacmnocmu, {Xn}nGZ P dAA neKomopozo ao > 0 . 

/JoKasameAucmeo. OGoanannM /(A) := A(A)—Ao(A). B cnjiv vxBepncjenng 12.11 nan^excn 
tto xaKoe, nxo 

0 npn A —)■ cx), A ^ IIq,;,. 

BniGepeM nncjio a > ao xan, nxoGni na npnMMx |Im A| = a 6mjio BBinojineno nepaBencxBo 
|/(A)| < |Ao(A)|. Aanee, sacJinKcnpyeM nponsBOJiBHoe nncjio p G ( 0 , 2 ), ^jin Koxoporo na 
npnMOH ReA = /i nex nyjien cJiyHKpHH Ao(A) n oGoanannM 

m = min{|Ao(A)| : ReA = /i}. 

Bhobb oGpan^ancB k vxBepncneHHio I^Tl bh^hm, nxo |/(A)| —)■ 0 npn A —)■ oo Bnyxpn nojio- 
CM Bq,. Tor^a nan^excn xanoe naxypajinnoe Ai, nxo npn Bcex A G n„, |Re A| ^ /x + 2Ai, 
BBinojineno |/(A)| < m. SaMexHM, nxo 4)yHKn,H3 Ao(A) nepno^Hnna c nepno^oM 2, a ana- 
nnx na BepxHKajiBHMX oxpeaxax Re A = /x ± 2n, n> Ni, Bnyxpn nojiocM Bq, BBinojineno 
min|Ao(A)| = m > |/(A)|. BpnMennM xeopeMy Pyme k npnMoyrojiBnnKy, orpannnen- 
noMy npnMBiMH ImA = ±a, ReA = /x ± 2n, r^e n > Ai n nojiynnM, nxo (JlynKpHH 
A(A) H Ao(A) HMeiox o^nnanoBoe (c ynexoM Kpaxnocxn) nncjio nyjieii b jiio6om xbkom 
npnMoyrojiBnHKe. 

Bepen^eM k naynennio nyjien cJiynKpHH A (A) npn A —?• oo Bnyxpn nojiocBi B^. SacJiHK- 
cnpyeM nncjio r xax, nxoOni npyrn Br(A°) = {A : |A — A°| ^ r}, n G Z, ne nepeceKajincB 
H jiencajiH b nojioce Bq,. OOoanannM 

mn = min{|Ao(A)| : |A - A°| = r}. 

BocKOJiBKy (JiynKpHn Ao(A) nepno^nnna, xo mn ^ M ^jin nenoxoporo M > 0 . Tor^a cy- 
ipecxByex xaxoe naxypajinnoe A2, nxo npn |Re A| > /X + 2A2 na oKpyjKnocxnx |A — A° | = r 
BBinojineno: |/(A)| < |Ao(A)|. Bo xeopeMe Pyme KOJinnecxBo nyjien (|)ynKn,HH A(A) n 
Ao(A) B KajK^oM Kpyre t/r(A°), \n\ ^ 2N2 + 2 , coBna^aex. Tenepn mbi sanyMepyeM nyjin 
(JiynKpHH A (A) b Kanc^oM xanoM Kpyre xan, nxo6Bi nx noMepa coBna^ajin c noMepann 
nyjien (JlynKpHH Ao(A) b oxom nee Kpyre. Ba paccyjK^ennn, npnBe^ennBix BBime, cjie^yex, 
nxo KOJinnecxBO nyjien (|iynKn,nH A (A) n Ao(A), ne nonan iii nx b oOx-e^nnenne oxnx Kpy- 
roB, Konenno n o^nnaKOBO. BpoBe^eM nyMepapnio ocxaBmnxcn nyjien cJiynKpnn A(A) b 
nponaBOJiBnoM nopnpKe. Byjin cJiynKpnn A(A) — coGcxBennnie ananennn onepaxopa Cp^u 
— MBI oGoanannM {An}nez- Ocxaexcn aaMexnxB, nxo nncjio r mbi mojkom yMenBmaxB n 
BBiGnpaxB CKOJiB yropno MajiBiM. JXjis Jiio6oro xaKoro r nanpexen noMep N{r), nxo npn 
Bcex |n| > N{r) BBinojineno |A„ — A°| < r. HnniMn cjionaMn, A^ = A° + o(l). □ 


12 





Tenepb ^oKaaceM xeopeMy o6 acHMnxoTHKe co6cxBeHHt.ix (JiyHKpHH chjibho peryjiapno- 
ro onepaxopa. B cjiynae peryjiHpnoro, ho ho chjihho peryjiHpHoro onepaxopa, coGcxech- 
Hbie sHaHeHHH acHMnxoxHHecKH ^ByKpaxHbi. B oxom cjiynae mbi HsyHHM acHMnxoxHHecKoe 
HOBe^eHHe cooxBexcxByiomHx ^ByMepHBix cneKxpajiBHBix npoexxopoB (cm. xeopcMy 13.21 
HHJKe). 

TeopeMa 2.3. Ilycmh nomeHyuaA P{x) uMeem eud fll.7p . a onepamop Cp^u cuAhHO peey- 
AHpeH. 06o3HaHUM uepea {yn(3^)} HopMupoeannue co6cmeeHHue (jjyHKyuu amoso onepa- 
mopa, omeeHatonifUe co6cmeeHHUM sHaneHUAM {A„}, a uepes {y°(a^)} — HopMupoeannue 
co6cmeeHHue ^yuKyuu onepamopa Cq^u, omeeHawinue co6cmeeHHUM snaneHUAM {A°}. 
Toeda 

(2.11) y„(a;) = y°(a;) + r„(a;), 2 (?e ||r„||c0. 

BoAee mozo, cnpaeedAueo npedcmaeAenue 

(2.12) yi,n{^) = e*^""'ri,n(a:), y2,n{x) = e"*^"V2,n(a;), 

npuHCM |tj,„(0)| ^C, j = 1,2, a npouaeodnue ^yuKyun Tj^n{x) nodHunenu oyeuKe 

(2.13) Knix)\ ^ C{\p2{x)\ + b3(x)|), 

noHuiu ecmdy na [0, tt] 3 x, zde nocmoAHHaA C we saeucum hu om n, hu om x. 

/JloKasameAhcmeo. IIocKojiBKy onepaxop Cq^u chjibho peryjiapeH, xo Bce ero coGcxBCHHBie 
SHaHCHKH npocxBi. 06o3HaHHM 6 = min^^rn |A° — A^|/2. Tor^a, b cHjiy xeopcMBi 12.21 
cymecxByex HOMep N, xaKoii, hxo ^jih bccx |w| > TV b <5—OKpecxHocxH xohkh A° jicjkhx 
poBHo oflHo coGcxBCHHoe sHaHCHHe Xn OHcpaxopa Cp^u- Hs onpe^ejieHHH coGcxbchhbix 
SH aHCHHii cjie^yex, hxo Ao(A°) = 0, r^e Ao(A) = detMo(A), 

M (\\= ^i°2(^)^ ^ (uii Mi2\ , (un MiA /^e?i(7r,A) e?2(7r,A)A 

° \M 21 lx) M2°2(A)y ^22/ V“23 ^24/ V^2i(7r, A) e^2(7r,A)y’ 

06o3HaHHM a;° = (M{’2(A°), —M{’^(A°))* — xor^a (JiyHKpHH 

yli.x) = ujl^el{x, A°) + ul^elix, A°) 

HBJIHeXCH CoGcXBeHHOH (HCHOpMHpOBaHHOH) (JiyHKpHeH flJIH OHCpaXOpa Cq^u- JXjis \n\ > N 
anajioxHHHo onpe^ejiHM BCKxop Un = (Mi 2 (A„), —Mii(A„))*, xax hxo (JiyHKpHH 

yn{x) = Ui^nGi{x, XJ + UJ 2 ,ne 2 (x, A„) 

HBjiHexcH codcxBeHHoii yjis onepaxopa £p,p. H 3 fl2.3p cjie^yex, hxo 

||ei(x, An) - e 5 ’(x, An)||c + ||e2(a:, An) - e2(x, An)|lc 0 npn n -)■ 00, 
a H3 xeopeMbi 12.21 h hbhoxo BH^a cJiyHKpHH e5(x, A) h e 2 (x, A) 

||e?(x, An) - e°(x, A°)|lc + ||e^(x, An) - e°(x, A°)|lc ^ 0. 

Tor^a \\ujn — Wnll —)■ 0, a 3HaHHx 

yn(x) = a;°^ei(x, An) + u:l^^e2{x, An) + (wi.n - U^Jei^X, An) + { 102 ,n - UjlJe 2 (x, An) = 
= '^i,ne?(x, An)+a; 2 ,ne 2 (a^, An)+ rn(x), r^e ||rn(x)||c0. 

OcxaexcH HopMHpoBaxn (|)yHKn,HH yn h y°. SaMexHM, hxo 
lllynlln - llynllnl ^ C'lknllc = »(!). AI,ajiee, (|)yHKpHH y° 3aBHCHx xojibko ox nex- 
HocxH HOMepa n, a 3HaHHx nocjie^oBaxejiBHocxB HopM {||ynll}neN (h b npocxpancxBe C, 
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H B npocxpancTBe H) ox^ejieHa ox Hyjia h ox 6ecKOHeHHocxH. Tor^a xom jko cbohcxbom 
o6jiaflaex h nocjie^oBaxejiBHocxB {||yn||}N) oxKy^a 


yn( 

x) 

yn(a^) 

/ llynlln 

l|yn 

,7.0 11 1 1 

“ ynllc +1 

y°llc • 

|y°llH - llynllnl 

l|yn 

IIh 

llynlln 

c 


llynlln 

• llynlle 



H npe^cxaBjieHHe fl2.1ip ^oKasano. ^oKasaxejiBcxBa npe^cxaBjieHHa fl2.12p bochojib- 
syeMCH cooxHomeHH3MH fl2.2p h fl2.3p . IIojiyHHM 


\yi,n{x) =e^^"^{Ui^n + l^l,nVll{x,^n)+l^ 2 ,nVl 2 {x,Xn)), , , 

\ . 77/ iV. 

[mA^) = {uJ 2 ,n + (^l,nV2l{x, A„) + UJ2,n'n22{x, K)) , 

BBe^eM o6o3HaHeHH5i 

n,nA) = h AniA = AniAA""". 

Tor^a T}-,„(0) = ojj^n = A,n = 1) 2. IIocKOJiBKy HHCJia h 

An saBHcax xojiBKo ox HexHocxH HOMepa n, xo nocjie^oBaxejiBHocxH {xi^„(0)}|n|>Ar h 
{^2,n(0)}|n|>Af OXpaHHHeHBI. OcxaeXCH OpeHHXB npOH3BOflHBie: 

^j,nA) = (^l,nVjlA, An) + U2,nVj2A, ^n), 
a 3HaHHx, corjiacHo fl2.4p . 

A,nA)\ < M\p2{x)\{\uJi^n\ + |^^2,n|), l^niAl < M\p 3 {x)\{\uJi^n\ + \uJ2,n\)- 

Oxcio^a cpa3y cjie^yex openKa fl2.13p pjia HenopMHpoBaHHBix cjDyHKpHH y^. Tax xax Hop- 
MBI {||yn||H}|n|>iV OXpejieHBI OX HyjI3, XO 3Xa OpCHKa COXpaHHXCH H nocjie HOpMHpOBKH. □ 


3. OyHKLI,H5I rPHHA. 

Mbi noKajKOM, hxo pe30JiBBeHxa onepaxopa Cp^u KOMnaKxna h H3yHHM acHMnxoxHne- 
CKoe noBepenne npoHBBopaipeii cJiyHKpHH G{t, x, A) sxoro KOMnaxxHoro onepaxopa (4)yHK- 
pnn rpnna) npn A —)■ oo. 

yxBepxcpeHHe 3 . 1 . Uycmh nomenyuaji P uMeem eud fll. 7 p . PesoAheenma 
91(A) = {Cp^p — XlA peeyAHpHoso onepamopa Cp^u onpedeAena npu ecex A G C\{An}nez? 
sde An — co6cmeeHHue snaHenuA onepamopa Cp^u, u AeAnemcR uHmedpaAhHUM onepa- 
mopoM 6 El 

pTT 

(3.1) 91(A)f= / G(t,x,A)f(t)rfl 

Jo 

(pyuKyuA G{t,x,X) nenpepuena na neadpame {t,x) G [0,7r]^ sa ucKAToneHueM duaeonaAU 

X = t. 

/(oKasameAhcmeo. Maxpnpa E{x,X)j onpepejicnnan b fl2.ip . ypoBjiexBopnex ypaBnennio 

BE'{x, A) + P{x)E{x, A) = XE{x, A), 

npnneM £^(0, A) = /. IIpHMeHHM Mexop BapnapHn nocxonnnBix k ypaBnennio 

ip{y) = Ay + f . Torpa pemenne sxoro ypaBnennn npnMex Bnp 

pTT 

(3.2) y(a;, A) = a;iei(a;, A) + a; 2 e 2 (a;, A) — / E{x, X)E~^{t, X)B~^i{t) dt, 


14 























r^e Ui II U2 — npoH3Bojit.Ht,ie nncjia. JlerKo BH^ext., hto 


y(0, A) = u 


E y(7r, A) = i?(7r, A)a;, r^e a; = (wi, a; 2 )A 


fl^jiii onpe^ejieHHH Bexxopa uj BocnojiBsyeMca xpaeBBiMH ycjioBHHMH C'y(O) + Dy{7r) = 0, 
BBe^eHHBiMH B (11.5^ . Toxfla 

PIT 

u;= M-\X)CE-\t,\)B-H{t)dt, 

Jo 

r^e M(A) = C + DE{tt,\). Maxpnpa M“^(A) onpe^ejieHa b xohhocxh xor^a, Kor^a 
A(A) = det M(A) 7 ^ 0, x.e. ^jih Bcex A G C\{An}nGZ- $yHKn,H 5 i y(x, A) xenepB npHHHMaex 

BHfl 

PIT 

y(a;, A) = / G{t, x, X)i{t) dt, 


me 

(3.3) G(t,x, A) = 

Hxo 7i,oKa3BiBaex xpedyeMoe yxBep>K7i;eHHe 


E{x,X)M ^{X)CE ^{t,X)B npH t < a:, 

E{x, X){M~^{X)C — I)E~^{t, X)B~^, npH t > x, 


□ 


Onpe/i,ejieHHe 3.1. OynKpaa G{t,Xj^) Ha3BiBaexc5i (f)yHKuueu /ptiKa onepaxopa Cp^u- 
Hepe3 GQ{t,Xi •^) dy^eM o6o3HaHaxB cJ^ynKpHio FpHHa HeB03Myiri;eHHoro onepaxopa £o,(7- 


OxMexHM, Hxo H3 7i;oKa3aHHoro yxBep>K7i;eHH5i cjie^yex KOMnaxxHocxB b npocxpancxBe 
IHI onepaxopa 91(A) npn jiioGom A ^ {Xnjnez (oxcK) 7 i;a, b nacxnocxn, cjie^yex BaMxnyxocxB 
onepaxopa Cp^u). 

Hama djinncaiiman pejiB — nojiynnxB openxH pjin (JiynKpHH G{t,Xi^)- 3™ openxH 
nBjimoxcn KjnoneBBiMH pjm poKa3axejiBCXBa nojinoxw cncxeMW codcxBennnix n npncoepn- 
nennnix cJiynKpHH onepaxopa Cp^u- ynpom;enH5i pajmnenmnx BWKjiapoK o6o3nanHM 
Maxpnpy E{x, X)E~^{a, A) nepe3 S{a, x, A), rpe 0 ^ a, a; ^ vr, A G C, n nanpeM ee b nBnoM 
BHpe. Mbi yjKe oxMenajin b poKa3axejiBcxBe vxBepncjienHg lATl nxo det E{x,X) = 1. Torpa 



E-\a,X) = { ''22(M) 
V“®2i(a, A) 

oxKypa 

^(a,x,A)= 

\^£.2i(a,x, A) 

rpe 


(3.4) 

£ji{a, X, A) = eji(x, A)e22(a, A) 


£j 2 {a, X, A) = ej 2 {x, A)eii(a, A) - eji(x, A)ei 2 (a, A), j = 1, 2. 


B cjiynae P{x) = 0 dypeM HcnojiB30BaxB odoBnanenna £^°(a, x, A) = (£’j)j(a, x, A)), 

J, = 1, 2. 


JleMMa 3.1. Mampuya S{a,Xi ydoeAemeopHem ypaeneHum 
(3.5) i?£^'(x) + P(x)<F(x) = A<F(x), xG[0,7r] 
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u HauaAhHOMy ycjioeum S{a,a,X) = I. (pyunyun Sij{a,x,X) aHaAumuHHu no X eo eceu 

KOMUAeKCHou nAocKocmu u npu A —?• cxo eepno npedcmaeAenue 

( 3 . 6 ) 

C(. ^ ■i^ + o{l)) + e -oil) e*^«-o(l) + e *^«-o(l) \ 

^ ’ ^ • o(l) + • o(l) • o(l) + • (1 + o(l))yl ’ ^ ’ 


npu C 3 A —?• oo paenoMcpno no 0 ^ a, x ^ tt. 


/^OKasameAucmeo. To, hto MaxpHi^a £{a,x,X) y^oBjieTBopaex ypaBHennio fl 3 . 5 p cpaay 
cjie^yex h3 fl 3 . 4 p . PaBencxBo S{a,a,X) = I oneBn^Ho. AcHMnxoxHnecKoe npe^cxaBjieHne 
dSS])^ cjie^yex h3 (1221). □ 


AIjih ^ajiBHefimero naM Heo6xo^HMBi cBeflennH o6 onepaxope (Cp^u)*- 


yTBep>K/],eHHe 3.2. ConpAOKennuM k pezyAHpnoMy onepamopy Cp^u ASAHemcH onepa- 
mop, Komopuu aadaemcH conpAotcennuM du^^epenyuoAhHUM eupacHcenueM 

£p*(y) = By' + P*{x)y, sde P*{x) = , 

u conpACHcennuMu npaeeuMu ycAoeuAMu. ConpAMcennue npaeeue ycAoeuA eunucuea- 
mnacA HeodnosnaHHO, e Hacmnocmu, Mampuyy npaeeux ycAoeuu mochcho esAmu paenou 


W 


(J23 Jl 3 —J1 2 0 \ 

V 0 —J34 J24 J23J 


/Jaa A'K)6oeo pesyAApnoeo (cuauho pezyAApnozo) onepamopa Cp^u conpAMcennuu onepa- 
mop {Cp^u)* = Pp*,u* rnancHce AeAAemcA pezyAApnuM (cuauho pezyAApnuM). Co6cmeeH- 
Hue snaHenuA onepamopa Cp*^u* coenadamm (c ynemoM Kpamnocmu) c uucAaMu Xn, zde 
Xn, n G Z, — co6cmeeHHue snaueHUA onepamopa Cp^u- 

JJIaa eeAKozo X ^ {A^jnez onpedeAena pesoAueenma y{*{X) = {Cp*^u* — XI)~^ , KomopaA 
UMeem eud 

PIT 

93*(A)f= / G*{t,x,X)i{t)dt. 

Jo 

Mampuya G*{t,x,X) = {g*i^{t,x, X)) ceAsana c ^yuKyueu G{t,x,X) = {gjkit,x, X)), eee- 
dennou e (EU) , coomnoiuenuAMu 


( 3 - 7 ) g*k{t,x,X) = gkj{x,t,X), j,k = l, 2 , x, t e [ 0 , 7 i], X e C\{X^jnez- 


/doKasameAUcmeo. Bh^ conpajKenHoro ^HcJicJ^epenpHajiBHoro BBipaxcennH cjie^yex h3 
jieMMbi 11.11 Bh^ conpHJKeHHBix KpaeBbix ycjiOBHH h hx peryjiapnocxB npoBepaexca neno- 
CpeflCXBeHHBIMH BblHHCJieHHHMH C HCn0JIB30BaHHeM XOJK^eCXBa (II.3p H OnpeflejieHHH 11.11 
CooxHomeHHH (13. 7 p o6iri;eH3BecxHBi. □ 


APjih coKpameHHa 3anHCH ^ajiee 6y^eM o6o3HaHaxb 

Us{Xn) = {z e C : |z - A„| < 5 }, ns = C\\J UsiXn), 

nGZ 

= Bq, n X}a,s,R = {z G : |Re^| > R}. 

JleMMa 3.2. /Jaa awBozo 5 > 0 eyiyeemeyem maKoe huoao M = M{P,U,6), umo npu 
ecex X G xapanmepucmuHecnuu onpedeAumeAU pezyAApnozo onepamopa Cp^u ydoeAe- 
meopAem oyenne |A(A)| ^ 
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/(oKasamejihcmeo. CorjiacHo xeopeMe 12.21 h yxBepjK^eHHio 12.11 nafi^exca xaxoe hhcjio 
tto > 0, Hxo Bce KpyxH Us{\n) JiejKax b nojioce h npn A —)■ oo Bne IIqq cnpaBe^- 
jiHBo paBencxBo A(A)/Ao(A) = 1 + o(l). YBejiHHHBaa, ecjin nyjKHo, hhcjio ao, mojkho 
CHH xaxB, Hxo |A(A)| ^ |Ao(A)|/2 ^jih Bcex A ^ Hap. Tor^a h 3 HepaBencxBa (I2.10jl cjie- 
flyex flOKasBiBaeMoe HepaBencxBo npn ImA > ao. CjiynaH ImA < —ao anajiorHHeH. 
saBepmeHHH ^oKaaaxejiBcxBa ocxaexcH noKaaaxB, hxo ^jih Bcex xonex A G ^lao,d cnpaae^- 
jiHBa opeHKa |A(A)| ^ M npn neKoxopoM M > 0. Corjiacno xeopeMe 12.21 Hafi^excH xaxoe 
HHCJio i?, Hxo flji3 Bcex co6cxBeHHBix 3HaHeHHH A„, |A„| > R, cnpaBe^jiHBBi HepaBencxBa 
|A„ — A°| <6/2. B cHjiy nepHo^HHHocxH cjDyHKpHH Ao(A), cymecxByex xaKoe m > 0, hxo 
|A o(A)| ^ m B Bog BHe KpyroB Us/2{^n)- HocKOJiBRy A(A) = Ao(A) + o(l) npn A —)■ cxd 
B nojioce A G (cm. vxBepacjieHHe I^TT]) . xo, yBejiHHHBaa, ecjiH Heo6xo;];HMo, hhcjio R, 
MOJKHO cHHxaxB, HXO HpH |Re A| > R BBinojiHena opeHKa |A(A)| ^ m/2 b Hop bhc KpyroB 
U 5 / 2 {Xn). TaK KaK npH |ReA| > R Kpyr t4/2(A°) co^epjKHxcH b Kpyre Us{Xn), to opeHKa 
|A(A)| ^ m/2 BBinojiHena npn Bcex A G ^ao,s,R- HaKonen,, na KOMnaKxe 

{A : |ImA| ^ ao, |ReA| ^ R, |A — A„| ^ <5, n G Z} 

(JiyHKpHH A (A) He oGpamaexcH b hojib, a 3HaHHx, ox^ejieHa ox nyjiH. □ 

TeopeMa 3.1. Rycmh Cpu — npouseoAhnuu onepamop //upana c nomeHv,uaAOM euda 
(HZI) u pezyAHpHUMu KpaeeuMu ycAoeuAMu U. //ah ak) 6 o 20 5 > 0 cymecmeyem maKoe 
HUCAO M = M{P,U, 6 ), Huio 6 ^ynnyuH G{t,x,X) = {gjk{t,x, X)) onepamopa Cp^u 
ydoeAemeopAem oyenne 

\gjk{t,x,X) \ ^ M. 

KpoMe moso, Bah atoBux noAooicumeAt>Hux hucca a, 6 u e naudemcA manoe R> 0, nmo 
npu ecex X G X}a,s,R u 6cex t,x & [0,7r] eunoAneno 

\gjk{t,x,X) -gjk{t,x,X)\ < e, 

zde Goit,x,X) = {gji^{t,x, X)) — (fiyuKyuA Rpuna onepamopa Co,u- 

//oKasameAhcmeo. MaxpHpBi E{x, A), M(A), G h E~^{t, A) hbho BBinncaHHi b fl2.1D . fl2.8p . 
fll.Sp H fl3.4p cooxBexcxBeHHo. Tor^a h3 fl3.3p Henocpe^cxBeHHBiMH BBiHHCJieHHHMH nojiy- 
HaeM, HXO 


(3.8) 


G{t, X, A) : 
i 



£ii{71,x, A) 
S2i{n,x,X) 


Xt>x{^y , 


f8ii{t,x,X) 

\ 82 i{t,x, X) 


-£i2{'K,X, A)A _ / Ji4 

-£22{t^,X,X)) IJi3 


-£i 2 {t,x,X)\ 

-£22{t,X, A) J 

•^24^ f 622(^5 A) 
J23/ e2i(t, A) 


ei 2 (t, A) \ 
-eii(t, A)y ’ 


Xt>x — xapaKxepHcxHHecKaH cJiyHKpHH xpeyrojiBHHKa t > x, a A (A) — onpe^ejin- 
xejiB, BBe^eHHBiH B onpe^ejieHHH 12.11 IlycxB ao > 0 xbkobo, hxo nojioca n^p co^epjKHx 
Bce KpyxH Us{Xn). IlycxB BHanajie |ImA| ^ ao. HpoBe^eM openny (|)yHKH,HH G{t,x,X) 
Ha xpeyrojiBHHKe 0^t<a;^7r. B cHjiy npepcxaBjieHHH fl3.6p . cJiyHKpHH £jk{t,x,X) 
ypoBjiexBopjHox opennaM 

\£^k{t,x,X)\ ^ 

AnajiorHHHo, 

\£jk{ 7 i,x,X)\ ^ a \ejk{t,X)\ ^ 
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r^e M He aaBHCHx ox t, a; h A. IIpHMeHHH jieMMv bh^hm, hxo bhb hojiocbi 

nocKOJiBKy o6a HHCJia x — t — n nt — x HenojiojKHxejiBHBi. JI,Jis opeHKH cJayHKpHH G{t, x, A) 
Ha xpeyrojiBHHKe 0 ^ x < t ^ 7i BocnojiBsyeMCH cooxHonienneM fl3.7p , corjiacHo KoxopoMy 
\gjk{t, 2 ^, A)| = \glj{x, t, A)|. HocKOJiBKy Koop^nnaxHi xohkh a; h t noMeHHjiHCB MecxaMH, a 
A no-npe>KHeMy jibjkhx bhb hojiocbi xo mbi mojkcm hphmchhxb paccyjK^eHHH, npn- 
Be^eHHBie BBime, k cjayHKpHHM g^^ h bhc hojiocbi IIqp opcHKa cJayHKpHH G nojiyneHa. Co- 
rjiacHo acHMHxoxHHecKHM npepcxaBjieHHHM fl2.3p h fl3.6p . cJayHKpHH ejk h Sjk orpannHCHBi 
B npOH3BOJIBHOH HOJIOCC IIq. OxCIOpa H H3 JICMMBI 13.21 CJiepyeX OrpaHHHCHHOCXB (jayHKpHH 

G{t,x,\) B 

APoKajKeM Bxopoe yxBepjKpenne xeopeMBi. 3a(|iHCKCHpyeM HHCJia a h 5. H 3 xeopeMBi [n] 
cjiepyex, hxo 

ejk{x, A) = e°^,(a;, A) + o(l) npn 3 A —)■ cxd 
paBHOMepHo HO X, a h 3 fl3.6p cjiepyex, hxo h 

£jk{a, X, A) = a;, A) + o(l) npn IIq, 3 A —)■ 00 

paBHOMepHo HO X H a. CorjiacHo jicmmc 13.21 nanpyxcH xanne nojioHCHxejiBHBie HHCJia R h 
M, HXO npH Bcex A G X}o,,s,r bbihojihchbi HepaBencxBa |A(A)| ^ M h |Ao(A)| ^ M. Torpa 
H3 yxBepjKpeHHH 12.11 cjiepyex 

A“^(A) = Ag ^(A) + 0 ( 1 ) npH fla,s,R 3 A —)■ cx). 

riopcxaBjiHH 9XH acHMHxoxHHecKHe npepcxaBjieHHH B paBeHcxBo fl3.8p (3anHcaHHoe pjia 
G{t,x,X) H Go{t,x, X)) H yHHXBiBaH paBHOMepnyio orpaHHHCHHocxB cJayHKpHH A“^(A), 
ejf^(x,X) H Sj/^(t,x,X) Ha MHoncecxBe A G ^a,s,R, x, t G [0,7r], nojiynaeM Heo6xopHMyio 
opeHKy. □ 

OaKXBi, KoxopBie mbi ccJaopMyjiHpyeM HHJKe, xopomo H3BecxHBi h ocHOBaHBi na Kano- 
HHHecKOH paGoxe j6] (cm. xaKxce m rji. 1]). 

OnpepejieHHe 3.2. CncxeMa cJiyHKpHH ..., y-^’”^ Ha3BiBaexcH genonnou ^ynK- 

guu, npucoeduHCHHux k co6cmeeHHOu ^yHKguuy^ onepaxopa Cp^u c coGcxbchhbim 3HaHe- 
HHeM Aq, ecjiH Bce ohh jicxcax b oGjiacxn onpepejieHHH D{Cp^u) h ypoBjiexBopniox chcxcmc 
ypaBHeHHH Cp^uY^'^ = Xqj^’^ + , ? = 1, ..., m (3pecB h pajiee y-^’° = y^ — coGcxbch- 

HBie (JayHKpHH). BypeM roBopnxB, hxo coGcxBeHHaH (|iyHKH,HH y^ uMeem Kpairmocmh mo, 
ecjiH cyipecxByex penoHKa h 3 npncoepHHeHHBix k hch cJayHKpHH pjihhbi mg — 1, ho He 
cyipecxByex xaKofi penoHKH pjihhbi mg. IlycxB p — pa3MepHocxB co6cxBeHHoro nopnpo- 
cxpaHcxBa Ro^ oxBenaiomero co6cxBeHHOMy BHanennio Aq. OGobhhhhm Hepe3 y^ G Ro 
coGcxBeHHyio cjayHKpHio, HMeioipyio MaKCHMajiBHyio KpaxHocxB, Hepe3 y^ G Ro — co6- 
CXBeHHyiO (JayHKpHIO MaKCHMajIBHOfi KpaXHOCXH, JIHHeHHO He3aBHCHMyiO C y^ H X.p. riyCXB 
mj — KpaxHocxB co6cxBeHHOH (JayHKpHH y^, a y-^’^, k = 1, ..., mj — l — cooxBexcxByioipHe 
npHcoepHHeHHBie (|iyHKH;HH. CncxeMa {y-^’*^}, rpe aO^fc^ mj — 1, Ha3BiBaex- 

CH KaHOHuuecKou cucmeMou coGcxBeHHBix H npHcoepHHeHHBix (JiyHKpHH onepaxopa 
oxBenaiomeH coGcxBeHHOMy BHaneHHio Aq. 

JlexKo BHpexB, HXO jiioGaH KaHOHHHecKaH cHcxeMa {y-^’^} o6pa3yiox 6a3Hc b coGcxboh- 
HOM HopnpocxpaHcxBe, oxBOHaioipeM co6cxBeHHOMy BHanenHio Aq. Cjiepya paGoxe [6], 060- 
3HaHHM Hepe3 yz onepaxop b npocxpancxBe H, peHcxByioipHH no npaBHjiy f 1-3 (f, z)y. 
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TeopeMa v. /I,ji 3 jiio6oro coGcTBennoro sHaHeHHH Aq peryjiapHoro onepaxopa Cp^u paa- 
MepHocTt. p coGcTBeHHoro no^npocxpancTBa ne npeBocxo^nx 2. KpaxHocxB Hyjia cJiyHK- 
pHH A (A) B TOHKe Ao coBna^aex c cyMMofi mi + m 2 (b cjiynae p = 1 nojiaraeM m 2 = 0). 
ripH 9TOM (JiyHKpHa G{t,x,X) HMeex nojiioc nopa^Ka mi b xoHKe Aq. IlycTB — 

npoHSBOJiBHaH KanoHHHecKaa cncxeMa cocGxBeHHBix h npHcoe^HHeHHBix (|)yHKn,HH onepa- 
Topa Cp^u, oTBenaiomaH co6cTBeHHOMy aHanenHio Aq. Tor^a Hafl^excH xaKaH KanoHHHe- 
CKaa cHcxeMa coGcxBenHBix h npHcoe^HHeHHBix cJ^ynKpHii conpajKeHHoro onepaxo- 

pa {Cp^uT 1 oxaenaroipaH co6cxBeHHOMy aHaHennio Aq, hxo rjiaanaa nacxB pa^a Jlcpana 
peaojiBBenxBi ^H(A) = {Cp^p — \I)~^ b xonxe Aq 6yflex hmbxb bh^ 


(3.9) 


y 


-I- 




(A - Ao)”^i (A - Ao)™i-i 


A-An 


r2,0 2,0 


+ 


y'ifl^2,l _|_ y2,1^2,0 


(A - Ao)™= (A - Ao)™= 


-1 


+ ■■■ + 


y2,022,7712 — 1 _j_ . . . _j_ y2,7112 — 122,0 

A-An ■ 


Onpe/i,ejieHHe 3 . 3 . Ka>K,ri;oro co6cxBeHHoro sHaHenHa Aq peryjiHpHoro onepaxopa 
BBiGepeM npoH 3 BOJiBHyio KanoHnnecKyio cncxeMy coGcxBennBix n npHcoe,ri;H- 

neHHBix (JiyHKpHH c xeM jinmn ycjiOBneM, nxo coGcxaennwe (|iyHKii,HH sxon cncxeMW hmoiox 
e,ri;HHHnHyio nopMy. B cnjiy xeopeMBi|yl KOJinnecxBO BexxopoB b cncxeMe {y-^’^} coBna,ri,aex 
c nopn^nKjiM nyjin Aq (j3yHKn;HH A (A). SanyMepyeM Bexxopw axon cncxeMw (b nop3,ri;Ke 
y^, y^’^, ..., y2^ y2,i^ _ _ _ ^ y2,77i2-i^ HH,ri;eKcaMH n G Z B cooxBexcxBnn c nyMe- 

papnen coGcxBennBix ananennH. CucmeMou co6cmeeHHUx u npucoeduHennux ^yuKv^uu 
{ynjnez onepaxopa Cp^p mbi 6 ypeM naaniBaxB o6x.epHnenHe Bcex KanonnnecKnx cncxeM. 
Onepaxop 

= yl.02l,7711-l _^ yl,7711-l^ y2,022,7112-1 _j_ ^ y2,7712-l^ 

naaniBaexcn cneKmpaAhHUM npoenmopoM na Kopneeoe nodupocmpancmeo, oxaenaioipee 
coGcxBennoMy ananennio Aq. 


Hojiynennoe b xeopeMe 13.11 acHMnxoxnnecKoe npepcxaBjienne pjin cJiynKpHn Fpnna 
noaBOJinex naM nojiynnxB acHMnxoxnnecKne (|iopMyjiBi pjin cneKxpajiBnwx npoenxopoB b 
cjiynae peryjinpnwx, no ne cnjinno peryjinpnwx KpaeBBix ycjiOBnn. B sxom cjiynae Bce 
coGcxBennwe ananennn onepaxopa £o,t/ pByKpaxnw (cm. yxBepncpenne II. 4 p . a HMenno 
-^271 = n E 1 >. IlocKOJiBKy A„ = A° + 0(1), xo IA271 — A2n+i| 0 npn n —)■ ±cxd. 

OnpepejieHHe 3.4. BwGepeM nncjio Nq xan, nxo pjin Bcex n, |n| ^ No BBinojineno 

1-^271 - A 2 „| < 1/8 H |A 2 n+i - A 2 „| < 1/8. OGoananHM 

(3.10) 

Pn := / lH(A)dA, n = ±iVo, ±(iVo + 1),.. ., rpe 1H(A) = {Cp^p - XI)-\ 

2^* ^|a-aoj=i/4 

Ha npepcxaBjiennn fl3.9p cjiepyex, nxo Vn anjinexcn cneKxpajiBnwM npoenxopoM na Kop- 
neBoe nopnpocxpancxBo, oxBenaioipee coGcxBennwM ananennnM A2n n A2n+i, Koxopoe mbi 
oOoananHM 'H^. OnpepejiHM xannce onepaxopBi 

P^= 7^ / %i{X)dX, n = ±No, ±(Ao + 1),. .., rpe 91o(A) = {Co,p - XI)-\ 

2^* 0'|A-A0j=l/4 

— cneKxpajiBnBie npoexxopBi na KopneBBie nopnpocxpancxna onepaxopa Co,p, oxnenaio- 
TTi ne coGcxBennwM ananennnM A^^ = 
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SaMexHM, HTo onepaxop ^H(A) : f G{t, x, X)f{t)dt KoppeKXHo onpe^ejien npn 

A 7 ^ A„ He xojiHKo KaK onepaxop b npocxpancxEe H, no h KaK onepaxop ns Li[0,7r] b 
(^[OjTr]. To nee cnpaBe^jiHBo n 7 i,jia onepaxopoB n B cne^yronien xeopeMe mbi 
opeHHM nopMy nx paanoexH HMenno nan onepaxopoB na Li[0, tt] b (^[O, tt]. 

TeopeMa 3.2. Awdoso pezyAHpnodo, ho ne cuAhHo pesyAApnoso onepamopa Cp^u- 

l|P»-X.”|| Li^c —^ 0 npu \n\ —)■ oo. 

/doKasameAhcmeo. JlexKO BH7i,exB, nxo npn |n| ^ Nq 

WVn - ^ 7 max max sup \gjk{t,x, A) - g%{t,x, A)|. 

4 |A—Aj^l—1/4 j,kG{l,2} t,xG[0,TT] 

Tenepn yxEepne/^enne xeopeMw cjie/];yex na xeopeMw 13.11 □ 


4. MHHHMAJIbHOCTb, HOJIHOTA H bASHCHOCTb PHCCA. 


Hamen cjie/];yioiri;eH aa/];aneH HBjinexcH /],oKaaaxejiBcxBo nojinoxw n MHHHMajiBHocxn 
cncxeMBi coGcxBeHHBix n npHcoe/^nnennEix (j3yHKn,HH peryjinpHoro onepaxopa Cp^p. Mbi 
npoBe/];eM axo /];oKaaaxejiBcxBo KjiaccnnecKHM cnoco6oM, npnneM KjnoneByio pojiB 6y/],ex 
nrpaxB openna, nojiynennan b xeopeMe 13.11 HanoMnnM, nxo cncxeMa {x„} BenxopoB 6a- 
naxoBa npocxpancxBa H HaaBiBaexcn hoahou, ecjin ee jinnenHan oGononna njioxna b H. 
CncxeMa naaniBaexcn MunuMOAhHou, ecjin npn ypanennH nponaBOJiBnoro Benxopa Xk na 
CHCxeMBi CBoncxBO nojinoxBi xepnexca. 

TeopeMa 4.1. Uyemh nomeHyuaA P uMeem end fll.Tjl . a npaeeue ycAoeun (11.5j) pesy- 
AHpHu. Tosda cuemeMa {yn}n&z codemeennux u npucoeduHennux ^yuKyuv, onepamopa 
Cp^u (cm. onpedeAenue \3. 3)) noAua u MUHUMaAhna e npoempauemee H. 


/doKasameAhcmeo. Bnanajie poKanceM nojinoxy cncxeMBi {yn}nez- HyexB cJiynKpan f G H 
opxoronajiBHa BceM BenxopaM axon cncxeMBi. SacJinKcnpyeM nponaBOJiBHBin Benxop g G H 
H paccMoxpHM (JiynKpnio $(A) := {91*(A)f, g), onpepenennyio b oGjiacxn C \ {A„}„gz- 
Corjiacno fl3.9p . axa cJiynKpHu HMeex ycxpannMBie ocoGennoexu b xonnax A„, x.e. nocjie 
poonpepejiennn b hhx, uBjiexcn pejion. B cnjiy xeopeMBi 13.11 pjin jnoGoro 5 > 0 b oGjiacxn 
^ \ UnGZ ^s{Xn) cnpaBepjiHBa openna 

|4>(A)| ^ M||f||H||g||H, 


rpe M ne aaBnenx ox A. SaMexHM, nxo pjin cjiynan chjibho peryjinpnBix KpaeBBix ycjiOBnn 

inf |A0 - A^l = c? > 0 

n^m 

(cm. yxEepnenenne fTTl) . B peryjinpnoM, no ne chjibho peryjinpHOM cjiynae, 

inf JAO-A^I =d>0. 

\n—m\^2 


BniGepeM nncjio 6 paunniM (i/4 — xorpa npyrn Us{Xn) jih6o ne nepecenaioxcH, jih6o paa- 
GnBaioxcH na napni, ne nepeceKaioipHecH Menepy coGon. 3 xhm nee cbohcxbom, oneBnpno, 
oGjiapaiox n npyrn Us{Xn) pjin Bcex n xaunx, nxo |A„ — A°| < ci/4. B cnjiy xeopeMBi 
12.2[ nocjiepnee nepaBencxBo BBinojineno npn \n\ ^ N pjin neKoxoporo N. TannM oGpa- 
aoM, Bne neKoxoporo npyra {\z\ ^ R} mhoakccxho xonen A, pjin Koxopnix nepaBeHcxBo 
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|$(A)| ^M||f||ie[||g||ie[ eme ne ^OKasano, npe^cTaBjiHex coGofi cHexHoe o6x.eflHHeHHe orpa- 
HHHeHHBix HenepeceKaroipHxca oGjiacxefl. Ho npHHpnny MaKCHMyMa, sxo HepaBencxBo 6y- 
^ex cnpaBe^jiHBo b KajKflOH h 3 ^anHBix oGjiacxefi, snaHHx, h Bcro^y b oGjiacxH {|^| > R}, 
a cjie^oBaxejiBHo, h bo Been komojickchoh hjidckocxh. Ha xeopeMBi JlnyBHjijia cjie^yex, 
Hxo (l^yHKpHa ‘^’(A) HBjiaexcH noexoanHofl. Tor^a (l^yHKpHa 

$'(A) = ((9^*(A))'f,g) = ((fH*(A))2f,g) ^0. 

HocKOJiBKy (l^yHKpHa g BBiGnpajiacB npoHSBOJiBHofl, xo (9^*(A))^f = 0, oxKy^a f = 0. 
HojiHoxa cHcxeMBi {yn}n&z AOKaaana. 

JXjiii flOKaaaxejiBcxBa MHHHMajiBHocxH cncxeMBi {yn}nez AocxaxoHHo ^OKaaaxB cyipe- 
cxBOBaHHe GnopxoroHajiBHOH cncxeMBi. Mbi noexpoHM ee na Gaae cncxeMBi {z„}, nojiynen- 
HOH o6x.eflHHeHHeM Bcex KanoHHHecKHx cncxeM onpe^ejieHHBix b pasjiojKeHHH fl3.9p 

(x.e. cHcxeMBi coGcxBeHHBix H npncoe^HHeHHBix cjDyHKgHH onepaxopa (Cp^u)*)- PaccMox- 
pHM HeKoxopoe (|)HKCHpoBaHHoe coGcxBeHHoe 3HaHeHHe A onepaxopa Cp^u ajireGpanne- 
CKOH KpaxHocxH p H o6o3HanHM cooxBexcxByloniee KopneBoe no^^npocxpancxBo nepea "Ha- 
KopneBoe no^^npocxpancxBo, oxBenaioni;ee coGcxBennoMy Bnanennio A onepaxopa {Cp^uT 
o6o3nanHM Hpenc^e Bcero aaMexHM, nxo ecjin Cp^uy = ^y-i {Rp,uT = /iz n /i 7^ A, 
xo y _L z, x.e. 'Ha -L H* npn A 7^ /I. TaKHM oGpaaoM, ^jin noexpoennn Gnopxoronajin- 
noH cHcxeMBi, floexaxonno b Kanc^oM npocxpancxBe H^ noexponxB Gaanc Gnop- 

xoronajiBnBiH cncxeMe HaM ne noxpeGyexen nnnoe npe^cxaBjienne BenxopoB 

xaK nxo MBI orpannnHMcn ^oKaaaxejiBcxBOM cyipecxBOBannn xanoro Gaanca. Hpe^exaBHM 
3XOX Gaanc b Bn^e jinnennBix KOMGnnapnn cncxeMBi {z-^’^}, onpe^ejiennon b fl3.9p . Sann- 
caB ycjiOBHH GnopxoronajiBnocxH, nojiynnM cncxeMy jinnennBix ypaBnennn c Maxpnpen 
FpaMa ((y-^’*^, z*’™)). PaapemnMocxB cncxeMBi paBnocnjiBna neBBipoJK^ennocxn cannon 
MaxpngBi. Ecjin nee Maxpnpa BBiponc^ena, xo nan^exen nenyjieBon Benxop ^ Cj^fcZ-^’^, op- 
xoronajiBnBiH BceM (JiynKpnHM y-^’^, a anannx n BooGipe Been cncxeMe coGcxnennnix n 
npncoe^nnennBix (|iynKn,nH onepaxopa Cp^u- Sto npoxnnopennx nojinoxe cannon cncxe¬ 
MBi. MnnnMajiBnocxB cncxeMBi {y^lnez flOKaaana. □ 

Onpe 7 i,ejieHHe 4.1. OGn-e^nnenne Bcex cncxeM Gy^eM naaBinaxB 6uopmo20HaAh- 

Hou cuemeMou n oGoananaxB {wnjn^z- Hpn sxom nyMepapnio mbi BepeM xan, nxo 

{yni^m} ^nm- 

Mbi nepexopnM k poKaaaxejiBcxny Gaanenoexn cncxeMBi {ynjnez coGcxnennBix n npn- 
coepnnennBix cliynKpnn onepaxopa £p,p. HanoMnnM (cm. Pji. 6]), nxo cncxeMa {2/n}i° 
B rnjiBGepxoBOM npocxpancxBe H naaBiBaexcn 6a3ucoM Pucca, ecjin cyipecxByex orpann- 
nennwH n orpannnenno oGpaxnMBin onepaxop A xanon, nxo cncxeMa {Apn}'^ nBjinexen 
opxonopMnpoBannwM GaancoM b H. HanoMnnM eipe, nxo cncxeMa oJieMenxoB rnjiB- 

GepxoBa npocxpancxna H naaBinaexcn 6ecceAeeou, ecjin cyipecxnyex c > 0 xanoe, nxo pjin 
jiioGoro X E H: ^ c||xp. Mbi ponanceM, nxo pjin JiioGoro enjiBno peryjinp- 

noro onepaxopa Cp^u cncxeMa {yn}nez nBjinexcn GaancoM Pncca b H. OxMexnM, nxo axox 
(JiaKX ne nBjinexcn npocxBiM. Tan, nanpnMep, on ne cjiepyex n3 acnMnxoxnnecnnx (j3opMyji 
02.lip . KpaxKoe poKa3axejiBcxBo Ga3ncnocxn Pncca pjin oxoro cjiynan Gbijio npnnepeno 
B nepaBneii paGoxe |37] . Mbi npoBepeM 3pecB noppoGnoe poKa3axejiBcxBo, ocnoBBiBancB 
na xeopeMe Bapn, npnneM ocnoBnyio pojiB Gypyx nrpaxB npepcxanjienne 02.12p n jieMMa 
m npnnepennan nnnee. 
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TeopeMa vi (H. K. Bapn). IlycTb cncxeMa {yn} rHjit.6epTOBa npocxpancTBa H nojina h 
MHHHMajiBHa, paBHo KaK H 6HopxoroHajiBHa3 K Hefi cHcxeMa {zn}. Ecjih o6e sxh cncxeMBi 
o6jiaflaK)x cbohcxbom GeccejieBocxn, xo ohh aBjiaioxca GaancaMH Pncca b H. 


HanoMHHM, Hxo npocmpancmeoM Xapdu i/ 2 (C+) HasBiBaexcH npocxpancxBO anajiHXH- 
HecKHx B BepxHefl nojiynjiocKocxH (JiyHKpHH, ^jih KoxopBix nopMa 

\\F\\h 2 =sup( [ 
y>0 \Jm. 

/Ijih flOKaaaxejiBcxBa cjie^yiomeH jieMMBi naM noxpe6yexc3 xeopeMa KapjiecoHa (cm., na- 
npHMep, [21 xeopcMa II. 3.9]). 

TeopeMa vii (JI. KapjiecoH). IlycxB a — Mepa Kapjiecona b Bepxnefi nojiynjiocKocxH, 
x.e. flji3 jiio6oro KBa^paxa Qa,h = {z ■ Rez G (a, a + h), Imz G (0,/i)} Mepa a(Qa,h) 
KOHenna h (j(Qa,h) ^ lh neKoxoporo 7 > 0. Tor 7 ;a 

V/eff2(C+): j UP da i CWfWl,, rfle C = C(7). 


\ 

\F{x + iy)\‘^dx j 


< 00. 


JleMMa 4.1. Uycmh {Xn}n€Z ^ nocAedoeamejihHocmh codcmeenHux sHaneHuu onepamo- 
pa Cp^u c nomeHyuaAOM P{-) G Li[0,7r] u peeyAApnuMu npaeeuMu ycAoeuAMu U. Toeda 
dAA ecex f G L2[0,7r] cnpaeedAuea oyenna 



<c\\f\\l, 


2de C = C{P,U). 


/doKasameAhcmeo. HanoMHHM, hxo Bce co6cxBeHHBie sHaHeHHH onepaxopa Cp^u jieacax b 
nojioce IIq yjis neKoxoporo a = a{P, U) > 0. PaccMoxpHM pejiyio (l^yHKpHio 



Ha xeopeMBi HsjiH-BHHepa cjie 7 ;yex, hxo cJiyHKpHH F npHHa 7 ;jie>KHx npocxpancxBy Xap 7 ;H 
R^ 2 (C+) b Bepxnefl nojiynjiocKocxH, npaneM ||T||_h -2 ^ C'H/Hij- Hojiojkhm Zn = \n + iot + i 
H aaMexHM, hxo 

F{Zn)= [ f{x)P^-^dx. 

Jo 

HycxB xenepB y{Qa,h) — KOJiHHecxBo xonex Zn (c ynexoM xpaxHocxH), jiejKaipHx Bnyxpn 
KBa7;paxa 

Qa,h = {z -.Yiez E (a, a + h), Im 2 ; G (0, h)}. 

JlexKO BH 7 ,exB, hxo y{Qa,h) = 0 npH h <1. HocKOJiBKy A„ = n + x„ + o(l), r7;e aaBHcax 
xojiBKo ox HexHocxH HOMepa n, xo cJiyHKpHH s{h) = sup^gjg p((5a,ft) KOHenna jiio6oro 
h H s{h) ~ h npH h — )■ cxo. Tor7;a HaH7;exca hhcjio 7 > 0 xaxoe, hxo s{h) ^ jh npn Bcex 
h > 0. HpHMeHHB xeopeMv Iviil c Mepofl a = nojiy^HM openKy 

\\{F{Zn)U4l,^C{j)\\F\\H2, 


Hxo H Bjienex yxBepjKpenne jicmmbi. 


□ 
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HanOMHHM, HTO BCe Co6cTBeHHt,ie BeKXOpBI CHCXeMBI {ynjneZ HOpMHpOBaHBI. rioCKOJIB- 
Ky Bce co6cxBeHHBie aHaHenna chjibho peryjiapHoro onepaxopa £p^[/ npocxBi, HaHHHaH c 
HeKoxoporo noMepa N, xo npn Bcex \n\ > N: ||y„|| = 1. Cnexxp onepaxopa {Cp^uY cob- 
na^aex c mhojkccxbom {Xnjnez c coBna^enneM Kpaxnocxen, a anannx, npn |?t,| > N, Bce 
BeKxopw GnopxoronajiBHOH cncxeMw xannce nBjinioxcn coGcxBennBiMH ^jih onepaxopa 
{^p,uY- 0;],naKO, B oxjinnne ox y„, onn ynce Moryx hmoxb nee^nnnnnyio nopMy. 

JleMMa 4.2. Uycmh Cp^p — npouseoAhHuu cuAhHo peeyAApHuu onepamop JJupaKa, a 
Ywn\ne.z ^ cucmeMa, 6uopmoeoHaAhHaA k {yn}nez (cm. onpedeAeHue \4-. 1\ ) ■ Tosda nocAe- 
doeameAhHocmt) {||w„||}„g 2 03paHUHeHa. 

/foKasameAhcmeo. OGoanannM w„ = -jj^^ n aaMexHM, nxo 1 = (y„, w„) = ||w„||(y„, w„), 
a anannx (yn, w„) 7 ^ 0, n G Z. KpoMe xoro, nepaaencxBo ||w„|| < C paBnocnjinno nepa- 
BencxBy (y„, w„) > 1/C. IlycxB y° — nopMnpoBanntie coGcxBennwe (JiynKpnn onepaxopa 
Cq^u, a w° — nopMHpoBannwe coGcxBennwe (l^ynKpnn onepaxopa £ 0 , 1 /*• Hcnojinayn fll.l2p . 
nojiynHM 




w" 




r^e j = 0 npn nexnoM n n j = 1 npn nenexnoM n. Tor^a 


(Xn) W°) = + UJ2,jUjlY, 

x.e. CKajinpnnie nponsBeflennn (y°, w°) aanncax xojibko ox nexnocxn nn^enca n. Hockojib- 
Ky no onpe^ejiennio (y°,w°) 7 ^ 0, xo |(y°,w°)| ^ C > 0 npn Bcex n G Z. Bce Bexxopw 
yn H npn ^ocxaxonno Gojinninx \n\ nBjinioxcn coGcxBennniMH. Ha xeopeMbi 12.31 HMe- 
eM (yn,w„) = (y°,w°) +o(l), x.e. nncjia |(yn,w„)| ox^enenw ox nyjin npn ^ocxaxonno 
6ojiBmHX (a anannx n npn Bcex) n. □ 


HaM noxpeGyexcn eni;e o^no necnoncnoe yxBepnyz^enne. Ono, o^nano, nBjinexcn Kjnone- 
BBiM flOKaaaxejiBcxBa xeopeMw 14.21 

JleMMa 4.3. Uycmh cucmeMa AeAHcmcA BecccAceou e npocmpaucmee L 2 [a, 6 ], 

a {Tn(x)}f° — a6coAK)mHO uenpepueHue ua [a,b] ^yuKyuu, npuucM 

(4.1) |r„(a)|^T, \t({x)\ ^ t{x) e Li[a,b], n = l,2,..., 

sde HUCAO T u (fiyuKyuA r hc saeucnm om n. Tozda cucmcMa {(^„(a;)r„(a;)}“ maKotce 
ABAAcmcA 6ecceAeeou e npocmpaucmee L 2 [a,b]. 


//oKasamcAhcmeo. HocKOjiBKy 

Pn{x)Tn{x) = ipn{x)Tnia) + (x)(r„(x) - r„(a)), 
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a H3 oi];eHKH |r„(a)| ^ T cjie^yeT 6eccejieBocTt. cHCTeMti {(^„(a;)r„(a)}, to ^ajiee, aaMenHB 
Tn{x) Ha Tn{x) — Tn{a), MOJKHO CHHTaTB, HTO r„(a) = 0. ToT^a 


N N 

I ^nTn ) I ~ 

n=l n=l 

N rb 


= Y1 

N 

= E 


f f f{y)^n{y) [ T^iOdCdy 


n=l 



<( 0 <(C) ( fix)^nix)dx f{y)^n{y)dy]d^dC 


< 


b rb 


€ 



N 


^(0^(C)5^ |(/XK,fe],9?n)| \ {^nJxic,b])\ d^dC 


< 


n=l 


b rb 


b rb 


/ r(Or(C) • ||/X[^,b]|| • ||/X[c,fe]||c?^c?C ^ C 
J a J a 

YcTpeMHB —)■ oo, HOJiynaeM yxBepjK^^eHHe jieMMBi. 



r{0^{C)d^dC 


□ 


TeopeMa 4.2. /I,ah Awdoeo cuawo pesyAApnoeo onepamopa Cp^u c nomeuynaAOM 
P G Li[0,7r] euda fll.7p cucmeMa {ynjnez codcmeennux u npucoeduHennux ^yHKyuu, 
eeedeuHaA e onpedeAenuu Id.dl odpasyem Baauc Pucca e npocmpancmee H. 


/doKasameAhcmeo. BocnojiBsyeMCH xeopeMOH IIojiHoxa h MHHHMajiBHocxB cHcxeMBi 
{yn}n£Z y>Ke flOKasaHa b xeopeMe 14.11 xaK hto ocxaexcH npoBepHXB GeccejieBocxB chcxcm 
{ynjnez H {w„}„gz. BnaHajie mbi ^oKajKOM GeccejieBocxB cHcxeMBi {yn}nez- IIocKOJiBKy 
KpaeBBie ycjioBHH chjibho peryjiHpHBi, xo Bce coGcxBeHHBie anaHeHHH onepaxopa Cp^u 
npocTBi npH |n| > N ^jih neKoxoporo N. Tor^a cHcxeMa {yn}|n|>Af cocxohx xojibko h 3 
HOpMHpOBaHHBIX Co6cTBeHHBIX (JiyHKpHH OHepaXOpa Cp^u H mbi MOJKeM B0Cn0JIB30BaTBCH 
aCHMHXOXHHeCKHM Hpe^CXaBJICHHeM fl2.12p yi^n{x) = , y 2 ,n{x) = 

Tor^a H3 jieMMBi 14.11 h jieMMBi 14.31 cjie^yex GeccejieBocxB chcxcm {2/i,n}nez h {y2,n}nez 
B npocxpaHcxBe L 2 [ 0 , 7 r], hxo h oBHanaex GeccejieBocxB cHcxeMBi {yn}nez b H. IlepeH- 
^eM K GnopToroHajiBHOH cHcxeMe {w„}„gz- HocKOJiBKy (|)yHKii,HH w„ npn |? 7 ,| > N 
HBJIHIOXCH CoGcTBeHHBIMH (JiyHKpHHMH COHpHJKeHHOXO OHepaXOpa Cp*^u*, TO K CHCXeMC 
{w„/||w„||}|„|>Ar npHMeHHMBI Xe JKO paCCyJK^eHHH, HTO H K CHCXeMe {yn}|n|>Ar- 3a- 

BepmeHHH ^oKaBaxejiBcxBa ^ocxaxoHHo bchomhhtb (jieMMa H]2]) , hto ||w„|| < C Vn G N 
flJIH HeKOXOpOH KOHCXaHTBI C. □ 


5. BASHCHOCTb PhCCA H3 nOflnPOCTPAHCTB. 

HanoMHHM (cm. [H Bji. 6 ]), hto cHcxcMa no^npocxpancTB {'Hn}T HaBBiBaexcH dasucoM 
B XHJIBGepXOBOM HpOCXpaHCTBC if, CCJIH JII 060 H BCKXOp X & PI paBJiaxaCTCH e^HHCXBeHHBIM 
o6pa30M B BH^e pH^a x = r^e x^ G Pin- Ba3HC ®3 no^npocxpaHCXB hbjih- 

excH opmosoHaAhHUM, ecjiH Pin -L Pim npH n ^ m. CncxeMa Ha 3 BiBaexcH dasucoM 

Pucca U3 nodnpocmpaHcme, ccjih cyipecTByex orpaHHHCHHBiH h orpaHKHCHHo o 6 paxHMBiH 
onepaxop A xaKOH, hto cHcxeMa {A[Pin)}'^ HBjiHexcH opxoronajiBHBiM 6a3HcoM h 3 no^- 
npocxpaHCXB b ii. B cjiynae peryjiHpHBix, ho hc chjibho peryjiapHBix KpacBBix ycjiOBHH, 
CHcxcMa {ynjnez. coGcxBCHHBix H HpHcoc^HHeHHBix (|iyHKH;HH oHcpaxopa £p,p yJKC He 0651 - 
3 aHa o6pa30BBiBaxB 6 a 3 Hc Pncca (cm., nanpHMep, m H 0 ). Mojkho, o^HaKo, noKa3axB, 
HXO B 9TOM cjiynae Bcer^a HMeexca 6a3HCHocxB Pncca h 3 no;i;npocxpaHCTB, npaneM Bce 
no;i;npocxpaHcxBa ^ByMepHBi. H;i;ea ^oKaBaxejiBcxBa oxoro (|iaKxa co^epjKHxcH b cxaxBe 
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j37) . Mm npoBe^eM no^poGnoe ^oKasaTejitcTBo, cjie^yH KjiaccHHecKHM paGoxaM |3] 

H HU. Oho oHHpaeTCH na ^Ba aaMeHaxejiBHBix cJiaKxa — xeopeMy 4 )oh HeilMaHa h xeope- 
My KapjiecoHa (cm. j3l Fji. VII, xeopcMa 2.2 h jieMMa 5.4]). Mbi HanneM c ^oKaaaxejiBcxBa 
cjieflyioni;ero nojiesHoro yxBcpjK^eHHH. 

JieMMa 5.1. JJwBou (ne o6H3ameJi'bHo cuAhuo) peeyAApHuu onepamop /l^upaKa Cp^u c 
nomeHyuaAOM euda fll.Tp npedcmaeuM e eude cyMMu Cp^u = A + V, ospaHUHennoeo e El 
onepamopa V u HeoepaHuneHHoso saMKHymoeo onepamopa A c nAomnou o6Aacm'b'K) onpe- 
deAenuH T){A) C El m KOMnanmnou pesoAheenmou. Upu amoM cnenrup (t{A) pacnoAOMcen 
e HeKomopou noAoce u cocmoum U3 coBcmeennux 3HaHeHuu {Xn}n&z- HyMepayum 
3mux co6cmeeHHux 3HaHeHuu (c ynemoM ux aAdeBpaunecKou KpamHocmu) Moatcno npo- 
eecmu man, Hmo6u eunoAHAAuch acuMnmomuHecKue paeencmea A„ = n + Xj + o(l) npu 
\n\ —)■ oo, zde j = 0, ecAU n Hemno u j = 1, ecAu n HeuemHo, npuueM deoMempuHecKan u 
aAzedpauHecKaH KpamHocmu Ka3tcdo30 coBcmeemodo 3HaHeHUH coenadamm, m.e. onepa¬ 
mop A He uMeem npueoedunennux (J}yHKyuu. CuemeMa HopMupoeannux eoScmeennux 
^yHKyuu onepamopa A o6pa3yem 6a3ue Pucca e El. 

/foKaoameAhcmeo. PaccMoxpHM onepaxop Cp^u+Vq, r^e Vq : {yi, 1 / 2 ) “^ 1 / 2 )- Ecjih 

KpaeBBie ycjioBHH, sa^aBaeMBie MaxpnpeH U = {C, D), chjibho peryjiapHBi, xo hojiojkhm 
K = 0. B npoxHBHOM cjiynae no;];6epeM k cjieflyioni;HM oGpaaoM. IIocKOJiBKy Cp^u + Vo ecxB 

onepaxop U^paKa BH^a (ED c noxenpnajiOM ^ ^ , xo k neMy npHMCHHMO yxBep- 

jK^eHHe 01 Ha (|r6|) cne^yex, nxo 7 = 0, p2 = P 2 , Pa = Pa, T.e. Cp^p + Vo = WCp^W~^. 
IIpH 3XOM KpaeBBie ycjioBHH U aa 7 ,aioxcH MaxpnpeH U = {C, e™'^D). Ho onpe 7 ;ejieHHio 
11.21 KpaeBBie ycjioBHH U chjibho peryjinpHBi, ecjiH 

(J12 + + 4e2-Vi4J2a ^ 0. 

TaKHM o6paaoM, 7,ocxaxoHHo BBi6paxB k xaK, hxoGbi xohkb y = ne HBjiHjiacB nyjieM 
(JiyHKpHH 

P^'^34 + 2 p(Ji 2 >Ja 4 + 2J14J23) + J12, 

Hxo BoaMOJKHo, HocKOJiBKy 3xa (JiyHKpHH He paBHa Hyjiio xojK^ecxBeHHo ( 3 x 0 cjie7;yex na 
peryjiHpHocxH KpaeBBix ycjioBHH U). Hxax, mbi npe7;cxaBHjiH onepaxop Cp^p b BH7;e 

Cp^p = WCppW-^ - Vo, 

r7;e KpaeBBie ycjiOBHH U chjibho peryjiapHBi. Tor7;a jihihb kohchhoc hhcjio coGcxbchhbix 
aHaneHHH onepaxopa Cpp Moryx hmcxb ajireCpannecKyio KpaxHocxB, Gojinmyio eannH ii Bi. 
HycxB Aq — oflHo Ha xaKHx coGcxbchhbix aHaneHHH, PCq — cooxBexcxByioipee KopneBoe 
Ho^npocxpaHcxBo, — npoHaBOJiBHan KanoHnnecKaH cHcxeMa co6cxBeHHBix h npn- 

coe^HHeHHBix (JiyHKpHH B 7^0, HocxpoeHHaH B onpe7;ejieHHH 13.31 a Pq — cneKxpajiBHBiii 
npoeKxop Ha Hq (cm. onpejiejieHHe 13.3^ . Onpe7;ejiHM onepaxop Kq na no^npocxpancxBe 
"Ho paBeHcxBaMH 

= 0 , 

7,ji5i Bcex fc 7^ 0. Tor7;a onepaxop £pp+iFoPo flHaroHajien na no^npocxpancxBe "Ho- HycxB 
onepaxop K panen cyMMe onepaxopoB KqVq ho bcom kophobbim no^npocxpancxBaM, ox- 
BenaroipHM KpaxHBiM coGcxbohhbim ananenKHM onepaxopa Ppp (hhcjio cjiaraeMBix b 3xoh 
cyMMe KOHeHHo, xaK nxo onepaxop K orpaHnnen). Onepaxopni Cpp + iF h Cpp hmoiox 
O^HH aKOBBIH CHOKXp H O^HHaKOByiO CHCXeMy CoGcXBeHHBIX H npHCOe7;HHeHHBIX (jiyHKpHH, 
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npHHeM Bce 3th cJiyHKpHH HBJIHIOTC5I onepaTopa Cp fj + K coGcxBeHHBiMH. OcTaexca 
nOJIOJKHXB 


A := W{Cpp + K)W-^ II V:= -WKW-^ - K)- 


□ 


Cjie^yiomee yxBepjK^eHne nsBecxHo b xeopHH npocxpancxB Xap^n. Mbi, o^naKo, 
saxpy^HHeMCH ^axB xonnyio ccBijiKy h noxoMy npHBe^eM ero c hojikbim ^oKaaa- 
xejiBcxBOM. HanoMHHM, Hxo npocmpancmeoM Xapdu Hao b Bepxnefl nojiynjiocKocxn 
C+ = {z : Imz > 0} nasBiBaexcH npocxpancxBo rojioMop(|)HBix n orpaHHHeHHBix b C+ 

4)yHKpHH C HOpMOH ||/|loo = SUp^ec+ 

yTBep>K/],eHHe 5.1. Uycmh noc/iedoeameAhHocmh {^n}nez Aemcum e noAoce 
1 ^ Im z ^ 2h, npuHCM 


Z2n = ^.n + X + o{l) U Z2n+l = 2.n + X + oil) 


npu \n\ —)■ cxo. Toeda cyvj,ecmeyem manou HOMep iV G M ti maKoe hucao p,, umo 
Bar ecRKoeo kohchhozo noduHOCHcecmea Jc{nGZ:|n|^iV}ii ecRKOso HOMcpa 
K ^ max{|n| : n G J} HaudemcR payuonaAbnaR ^ynnyuR fx G H^, ll/i^Hoo ^ 
maKOR, Hmo npu ecex n, N ^ \n\ ^ K, 


(5-1) /ii-(^2n) — /if(2^2n+l) 


1, ecAU n E J, 
0, ecAU n ^ J, 


a eCAU Z2n = Z2n+1, rUO fx{z2n) = 0. 


Onpe^^ejieHHe 5.1. (cm. [3l Fj!. VII]) IIocjieflOBaxejiBHocxB xonex h 3 C+ nasBi- 

BaexcH unmepnoARyuoHHOu, ecjin 

(5.2) sup "TT -j— ^ ^ 6 > 0. 

nGN ^n\ 


TeopeMa viii (JI. Kapjiecou). IlycxB — uHxepnojiupuoHHaH nocjie^oBaxejiBuocxB 

xoueK Bepxuefl nojiynjiocKocxu. Tor^a ^jih juo 6 oro K E N cyipecxByiox papHouajiBUBie 
(JiyHKpuH fj^K € Hoo, 1 ^ j ^ K, xaKue, uxo 

fj,K{zi) = 6ji, 


npuueM 


K 

sup \fj,K{z)\ ^ M, r^e M 

^GC+^ 


9(3-52)2 

454 


JleMMa 5.2. Uycmt, mouKu zi u Z 2 , Z 2 7 ^ zi, Aeotcam e noAoce {2; : 1 ^ Im^; ^ 2h}, a huc- 
Aa wi u W 2 npouseoAUHu. Toeda cyiyecmeyem maKOR payuonaAbnaR (fiyunyuR p G Hoo, 
umo (piyZi) = Wi, (p(z 2 ) = W 2 , npuueM 


(5.3) 


II^fIIoo ^ 8/i 


W2 - Wi 
Z2 - Zi 


+ 2|'U7i| + 2\w2 


Uycmb mouKa zq Aeatcum e moil otce noAoce, a Wq E C npouseoAbuo. Toeda cyvyecmeyem 
manaR payuonaAbnaR (fiyuKyuR ip E Hoo, umo p(zo) = 1, p'(zo) = Wq, npuueu 


(5.4) 


llv^lloo ^ l + 4:h\wo\. 
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/(oKasamejihcmeo. B nepBOM cjiynae BoatMeM ip{z) = r^e hhcjib Zq G C+ h 

k E C HaxoflaTCH h 3 ycjioBHH f{zi) = Wi, f{z2) = W2- Bo BTopoM cjiynae hojiojkhm 
(p{z) = 1 + HHCJIO k HaXO^HTCH H3 yCJIOBHH ^'(zo) = Wo- JlerKO BH^eXB, HTO B 

nepBOM cjiynae Hv^Hoo = 1^1, a bo BxopoM cjiynae ||</?||oo = 1^1 + 1- OpenKH fl5.3p h fl5.4p 
nojiynaioxcH xenepB npaMBiMH BBiHHCJienHHMH, KoxopBie mbi a^ecB onycxaeM. □ 

JleMMa 5.3. Ecau moHKU {^njnsN AeMcam e noAoce {z : 1 ^ Imz ^ 2h} u 
inf^^fc \zn — Zk\ ^ 1, mo U3 ycAoeuH 

E lm Zn ■ Im Zk 

—— -^ m < oo 

CAedyem (I5.2p c 6 = . 


/JoKasameAhcmeo. 3a(|)HKCHpyeM noMep n h oGoana^HM pk = \zk — Zn\/\zk — Zn\ - SaMexHM, 

HXO 

^ Pfc ^ 1, oxKy^a - Inpfc ^ ^h{l - pi) 


l + Ah 


Tor^a 


Oxcio^a 


n \Zk — Zfil \ —V, o, X—V Im* Im 

■j-^ 8h ^^(1 — Pk) = 32/;, 2^ — -^ 32mh. 


k^n 


k^n 


k^n 


\Zk - z. 


- 12 
n I 


sup Y\pk> e 

neN 


—S2mh 


k^n 


□ 


/foKasameAhcmeo ymeepofcdenuA Ul] Hafi^eM uoMep Nq, xaKofl, uxo |z2n~(2n+x)| < 1/8 
H lz2n+i — ( 2 n + x)| < 1/8 npu Bcex |n| > Nq. Oxcio^a cjie^yex, uxo 


\z2n - Z2k\ > 2\k - n| - 1, \n\ > A/,, \k\ > Nq, 


a auauHx 


E lm • Im Zfc 2 

I, _jA2 2^ 

^k\ 


n^k, |n|^A^o 


< 


n^k, |n|>7Vo 


(2\n (21 - 1) 




Ta >Ke opeuKa cnpaBepjiuBa u pjiu nocjiepoBaxejiBHocxu {22n+i}|n|>Aro- Hojiojkhm 
m = TT^/i^. Ha jieMMBi [53] cjiepyex, uxo o6e nocjiepoBaxejiBHocxu ubjiuioxch uHxepnojiu- 
pUOHHBIMH, npUUeM UHCJIO 5 H3 OpCHKH (15.2p MOJKHO B33XB paBHBIM HoJIOJKHM 

M = — 1)^/4 (cm. xeopeMv Iviiip u uaupeM uoMep N ^ Nq xaKou, uxo 


M\z2n — Z2n+ll < 1/4 PJIH BCCX |n| > N. 

HycxB J — npoH3BOJiBHoe kohcuhoc nopMHOJKecxBO {n : \n\ ^ iV}, a 

K ^ max{|n| : n G J} — npouaBOjiBHum uoMcp. OGoauauuM {gj,K}fj\=jq h {hj^K}fj\=i:<i 
— papuoHajiBHBie cj^yuRpuH ua xeopcMBi Iviiil nocxpoenuBie no nocjiepoBaxejiBHocxuM 
{^2i}j^|=7V K {^2i+l}j^|=7v COOXBeXCXBCHHO, X.C. 

9j,K{z2l) = hj^K{z2l+l) = Sjl- 
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^ajiee, ^jih Kaac^oro j, N ^ \j\ ^ K , nocxpoHM, nojitayacb jieMMofl 15.21 4)yHKn,Hio (pj^x 
cjie^yiomHM o6pa30M. Ecjih Z2j 7^ Z2j+i, to noxpeGyeM, Hxo6t,i 


^j,K{z2j) = Wi 


1 

hj,K{z2j) ’ 


^j,K{z2j+l) — W 2 — 


1 

9j,K{z2j+l) 


SaMexHM, Hxo jiio6oh cJiyHKpHH / G Hoo h 3 HHxerpajibHOH 4)opMyjit,i Komn cjie 7 i;yeT 
OpeHKa SUPijn^^i ^ ll/lloo- IIoCKOJIbKy 


\hj,K{z2j)-l\ = \hj,K{z2j)-hj,K{z2j+l)\ < SUp \h'jx{z)\\z 2 j-Z 2 j+l\ ^ M\z 2 j-Z 2 j+l\ < 1/4, 

Imz^l 


xo HHCJia |1 —Wi| H |1—W 2 I He npeBocxo7i;5ix min{4/3M|2;2j — ^ 2 j+i|, 1/3}. Tor 7 i,a h 3 fl5.3j) 
cjie 7 i;yex, hxo Hv^j^xIIoo ^ 2AhM + 6. Ecjih Z 2 j = ; 22 i+i, to noxpeGyeM 

= 1, = -{gjAjA'Aj) = -gAAj) - AkAj)- 

Tor 7 i;a h 3 fl5.4p cjie 7 i;yeT, hxo ||(^yi('||oo ^ 8hM + 1. TaKHM o6pa30M, 7 i;jih Ka>K 7 i,oro j, 
N ^ \j\ ^ K, onpe 7 i;ejieHa papHonajibHaH cJiyHKpHH 


fj,K{z) := gj,K{z)hj^K{z)p>j,K{z) e Hoo, 
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fj,K{z2l) = fj,K{z2l+l) = Sji, Aj, iV ^ |j|, ^ K, 

npHHeM 

HcKOMyio (})yHKii,Hio fxiz) onpe7i,ejiHM cyMMOH fxiz) = Yhj&j fjAz)- Tor7i;a paBencxBa 
(15. ip BBinOJIHCHBI H V 2 ; G C+ 

K 

\fK{z)\ ^ ^ ( 24 / 1 M + 6 ) AkAIAkAI ^ (24/iM + 6)M2 = p. □ 

jeJ |i|=Af 

IIpHCTynHM K 7i,oKa3axejiBCTBy 6a3HCHocTH Pncca h3 no 7 i;npocTpaHCTB. BnaHajie mbi c(|)op- 
MyjiHpyeM 7i;Be xeopeMBi, KoxopBie 6y7i;yx HcnojiB30BaxBCH b 7i;oKa3axejiBcxBe: xeopeMy 
rejiB(|iaH 7 i;a (cm. [U Eji.VI, §5]) h xeopeMy cjioH HeHMana (cm. [T41 Eji. XI]). 

TeopeMa ix (H. M. EejiBcliaHTi;). CncxeMa {'H„ = RnP„} HBjiHexcH 6a3HcoM Pncca h 3 
no7i;npocxpaHCXB b 3aMBiKaHHH CBoefi jiHHeflHOH oGojiohkh xor7i;a h xojibko xor7i,a, Kor7i,a 

(5.5) sup II < 00, 

nS J 

r7i;e cynpeMyM Gepexcu no bccm kohchhuim no7i;MHO>KecxBaM HH7i;eKCOB. 


TeopeMa x (/],>k. 4 )oh HeHMan). Hycxu T — npoH3BOJiBHoe cncaxHe b rHjiuGepxoBOM 
npocxpaHCXBe, x.e. ||T|| ^ 1, a cJiynKpHU / rojioMop4)Ha b Kpyre \z\ < r, r > 1, h 
orpaHHuena b Kpyre \z\ ^ 1 KOHcxaHxoil fi. Tor7i;a ||/(T)|| ^ fi. 


IlycxB onepaxop Cp^u peryjiHpen, ho ne chjibho peryjinpeH. IlycxB = RnP„, 
|n| ^ A'"o, — KopneBBie no7i;npocxpaHCTBa oxoro onepaxopa, BBe7i;eHHBie b onpe- 

7i;ejieHHH 13.41 Onpe7i;ejiHM 7i,onojiHHxejiBHO no7i;npocxpaHCTBO 'Ho = RhiSato, r7i;e 
iSatq := l/(27ri) dX, a 3aMKHyxBiH KycouHo-r.TTa ,a KHH >Kop7i,aHOB KOHxyp 7 oxBa- 

xBiBaex Bce coGcxBeHHBie 3HaueHHH A„ onepaxopa Cp^u c HOMepaMH n : |u| < 2 A'"o 5 h 
XOJIBKO HX. 
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TeopeMa 5.1. CucmcMa {l-io, 'Hn\\n\-iiNo oBpasyem 6a3uc Pucca U3 nodnpocmpaHcme e 
npocmpancmee H. 


/loKa3ameAt>cmeo. IIpHMeHHM TeopeMy[i3 Ha TeopeMbi 14.11 cjieiiveT. hto aaMt-iKaHne jih- 
HefiHOH 060 JIOHKH CHCXeMM {"Ho) ^n}|n|^iVo COBHa^aeT CO BCCM npOCXpanCTBOM H, xaK 
Hxo ocxaexca ^OKaaaxB BBinojiHenne cBoficxBa fl5.5p . HojiBayacB jicmmoh 15.11 npe^cxaBHM 
onepaxop Cp^u b bh^c cyMMBi = A+ V. HocKOJiBKy cncxcMa coGcxbchhbix (JiyHKpHH 
onepaxopa A oGpaayex Gaanc Pncca b npocxpancxBe H, xo nafi^exca xaKoe cKajiapnoe npo- 
H 3 BefleHHe (•, •)!, xonojioxHHecKH oKBHBajienxHoe ncxo^HOMy (x.e. ci|| • ||i ^ || • || ^ C 2 II ■ ||i 

flJIH HCKOXOpBIX Cl H C 2 ), OXHOCHXejIBHO KOXOpOXO 3Xa CHCXCMa 5IBJI5ieXCH OpXOHOpMHpO- 

BaHHBiM GasHCOM (cm. |U Fji.VI, §2]). B cHJiy opchkh na nopMBi, cbohcxbo GaancHocxH 
CHCXCMBi no;];npocxpaHCXB {l-in} He HSMeHHXCH npH nepexo^e k noBOMy CKajiapnoMy npo- 
H3BefleHHio. B HOBOM cKaji3pHOM npoH3BefleHHH onepaxop A ^naronanen b opxoronopMH- 
poBannoM Gaance na cbohx coGcxBennwx BexxopoB, x.e. nopMajien. Tor^a nncjioBon o6- 
paa {(Hf, f)i : ||f||i = 1} onepaxopa A panen aaMBiKannio BBinyKjion oGojionKH cnenxpa 
(j(y4), a anannx jiojkhx b nenoxopon ropnaonxajiBnon nojioce. Cjie^OBaxejiBno, nncjiOBon 
oGpaa onepaxopa Cp^u (oxnocnxejinno noBoro CKajinpnoro nponaBe^ennii) xannce jiojkhx b 
neKoxopoH nojioce H^. HocKOJiBKy c^Bnr ne Mennex cbohcxb Gaancnocxn, xo ^ajiee mojkbo 
paGoxaxB c onepaxopM B = Cp^p + + 1), nncjioBon oGpaa n cnenxp Koxoporo jiencax 

B nojioce 1 ^ Imz ^ 2h, r^e h = a + 1. TonKH {A„, + i{a + l)}nez cnenxpa onepaxopa B 
y^OBjiexBopniox ycjiOBnnM yxBepjK^ennn 15.11 Hycxn nncjia N n fi onpe^enenw b cJiopMy- 
jinpoBKe 3X0X0 yxBepjK^ennn (onn aaBHcnx xojibko ox onepaxopa Cp p n, no nocxpoennio, 
N^No),8. 

N-l 

^ ll'^Arolll + ^ ll^nlll- 

|n|=Wo 

HycxB J C {n G Z : |n| ^ A^} — nponaBOJinnoe Konennoe no^MnoJKecxBO, K — npona- 
BOjinnwH noMep, xanon, nxo K > max{|n| : n G J}, n fx — papnonajinnan cjDynKpnn, no- 
cxpoennan b yxBepjK^ennn. Ha oGipeil xeopnn (JiynKpHonajiBnoro ncnncjiennn onepaxopoB 
(cm., nanpHMep, [HI Bji.IX, §151]) n npe^cxaBjiennn fl3.9p cjie^yex, nxo fx^B) = Yhn&j'Pn- 
HycxB T := {B — i){B + — npeoGpaaoBanne Kojih onepaxopa B. JlexKo bh^oxb, nxo 

Wx G 2}(S) ; 11(5 + “ 11(5 — i)x\\ \ = 4Im (5x, x)i > 0, 


oxKy^a 

11(5 - i)(5 + i)“^x||i ^ ||x||i. 

Tan KaK no;];npocxpancxBo 2) (5) = 'D{Cp^p) njioxno b H, xo onepaxop T npo^ojiJKaex- 
cn na Bce npocxpancxBo n ||r||i ^ 1 . OGoanannM gx{z) = fx{j^)- Tor^a, coxjiacno 
xeopeMe m ||5fi^(r)||i ^ /i. ,ZI,ajiee, Vx G \n\ > N, BBinojineno gx(T)x = fx{B)x 
npn K ^ n. Hepexo^n k npe^ejiy npn iP —>■ oo, nojiynnM, nxo || HneJ^«lli ^ 
no;];npocxpancxBe U|„|^7v5„. Tor^a ^jih nponaBOJinnoro x G H: 


y^VnX 

n€J 1 




|fc|=Afo 


< /i(l + z/)||x||i. 


Ecjin xenepB J C {n G Z : \n\ ^ XojUlO} — Konennoe no^MnojKecxBO, xo nopMW 
II ^n&j'Bn\\i orpannnenBi nncjiOM pi + v + pu, ne aaBHcnipHM ox J. □ 
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